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t②♣❡ ✐s ❛❜♦✈❡ s♦♠❡ t❤r❡s❤♦❧❞✳ ■♥ t❤❛t ❝❛s❡✱ ❤❡ ✇✐♥s t❤❡ ♣r✐③❡ ✐❢ ♥♦ ♦t❤❡r
❝❛♥❞✐❞❛t❡ ❤❛s ❛ ❤✐❣❤❡r t②♣❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ❞♦❡s ♥♦t
t❛❦❡ t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❧❡❛r♥s t❤❛t ❤✐s t②♣❡ ✐s ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞✳
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❚❤❡ ✜rst r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r s❤♦✇s t❤❛t ❝♦♠♣❡t✐t✐♦♥ ❛✛❡❝ts ✐♥❢♦r♠❛t✐♦♥
r❡✈❡❧❛t✐♦♥ ✐♥ ❛ ♥♦♥✲♠♦♥♦t♦♥❡ ✇❛②✳ ❲❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ✐s ❤✐❣❤✱ ✐♥❝r❡❛s✲
✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ♠❛❦❡s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠♦r❡ ❧✐❦❡❧② t♦ ❧❡❛r♥
t❤❡ t②♣❡ ♦❢ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡✳ ❇✉t ✇❤❡♥ t❤❡ ❝♦st ✐s ❧♦✇✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡
♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ♠❛❦❡s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❧❡ss ✐♥❢♦r♠❡❞✳ ❆t t❤❡ s❛♠❡
t✐♠❡✱ ❡✈❡♥ ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ❣♦❡s t♦ ✐♥✜♥✐t②✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
t❤❛t s♦♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐s r❡✈❡❛❧❡❞ r❡♠❛✐♥s ❞✐st✐♥❝t ❢r♦♠ ③❡r♦ ❛♥❞ ❢r♦♠ ♦♥❡✳
❚♦ s❡❡ t❤❡ ✐♥t✉✐t✐♦♥✱ ❝♦♥s✐❞❡r ❛ ❝❛♥❞✐❞❛t❡ i ✇❤♦s❡ t②♣❡ ✐s ❛t t❤❡ t❤r❡s❤♦❧❞✳
❆♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ❤❛s t✇♦ ❡✛❡❝ts✳ ❋✐rst✱ ✐t r❡❞✉❝❡s i✬s
♣❛②♦✛ ✐❢ ❤❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ ❜❡❝❛✉s❡ ❡✈❡♥ ✐❢ ♥♦ ♦t❤❡r ❝❛♥❞✐❞❛t❡ t❛❦❡s
✐t✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇✐❧❧ r❛♥❞♦♠✐s❡ ♦✈❡r ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ✕
❤❡♥❝❡✱ i ❜❡❝♦♠❡s ❧❡ss ❧✐❦❡❧② t♦ ✇✐♥ t❤❡ ♣r✐③❡✳ ❙❡❝♦♥❞✱ ✐t r❡❞✉❝❡s i✬s ♣❛②♦✛
❢r♦♠ t❛❦✐♥❣ t❤❡ t❡st✱ s✐♥❝❡ ✐t ♠❛❦❡s ✐t ♠♦r❡ ❧✐❦❡❧② t❤❛t s♦♠❡ ♦t❤❡r ❝❛♥❞✐❞❛t❡
❤❛s ❛ t②♣❡ ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞✱ t❛❦❡s t❤❡ t❡st✱ ❛♥❞ ✇✐♥s ♦✈❡r i✳ ❇✉t ✐❢ t❤❡
❝♦st ♦❢ t❤❡ t❡st ✐s ❧♦✇✱ t❤❡ t❤r❡s❤♦❧❞ ✐s ❧♦✇ ❛s ✇❡❧❧ ✕ s♦ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
s♦♠❡ ❝❛♥❞✐❞❛t❡ ❤❛s ❛ t②♣❡ ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞ ✐♥❝r❡❛s❡s ❛t ❛ ❤✐❣❤ r❛t❡✳ ❆s
✷
❛ r❡s✉❧t✱ t❤❡ s❡❝♦♥❞ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ✜rst✱ ❛♥❞ i ❜❡❝♦♠❡s ❧❡ss ✇✐❧❧✐♥❣ t♦
t❛❦❡ t❤❡ t❡st✳
❙❡❝♦♥❞✱ ■ s❤♦✇ t❤❛t ❡✈❡♥ t❤♦✉❣❤ ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ r❡s✉❧t ✐♥ ❧❡ss ✐♥❢♦r♠❛✲
t✐♦♥ r❡✈❡❧❛t✐♦♥✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛❧✇❛②s ❜❡♥❡✜ts ❢r♦♠ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠✲
♣❡t✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ❤✉rts t❤❡
❞❡❝✐s✐♦♥✲♠❛❦❡r ❜✉t ❝❛♥ ♠❛❦❡ ❝❛♥❞✐❞❛t❡s ❜❡tt❡r ♦✛ ❜② r❡❞✉❝✐♥❣ ✐♥❡✣❝✐❡♥t
t❡st✐♥❣✳
❚❤✐r❞✱ t❤❡ ♣❛♣❡r ❡①❛♠✐♥❡s t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❝♦♠♠✐tt✐♥❣
♥♦t t♦ ❣✐✈❡ t❤❡ ♣r✐③❡ t♦ ❛♥② ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✳ ❚❤❡r❡ ✐s ❛
s✉❜st❛♥t✐❛❧ ❧✐t❡r❛t✉r❡ ❢♦❝✉s✐♥❣ ♦♥ ♠❛♥❞❛t♦r② ❞✐s❝❧♦s✉r❡ ❛s ❛ ✇❛② ♦❢ ♠❛❦✐♥❣
❞❡❝✐s✐♦♥✲♠❛❦❡rs ❜❡tt❡r ♦✛✶✳ ❇✉t ❞♦❡s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❜❡♥❡✜t ❢r♦♠ ♠❛❦✐♥❣
❞✐s❝❧♦s✉r❡ ♠❛♥❞❛t♦r② ✇❤❡♥ ✐♥❢♦r♠❛t✐♦♥ ✐s ❞✐s❝❧♦s❡❞ t❤r♦✉❣❤ ❛ ❝♦st❧② ❡①♦❣❡♥✲
♦✉s t❡st❄ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✉❝❤ ❛ r✉❧❡ r❡❞✉❝❡s t❤❡ ♣❛②♦✛ ♦❢ ❛ ❝❛♥❞✐❞❛t❡
✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st t♦ ③❡r♦✳ ❍❡♥❝❡✱ ❝❛♥❞✐❞❛t❡s ❜❡❝♦♠❡ ♠♦r❡ ✇✐❧❧✐♥❣
t♦ t❛❦❡ ✐t✱ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r r❡❝❡✐✈❡s ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐❢ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✱ s✉❝❤ ❛ ❝♦♠♠✐t♠❡♥t ❧❡❛✈❡s t❤❡ ❞❡❝✐s✐♦♥✲
♠❛❦❡r ✉♥❛❜❧❡ t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡✱ r❡❞✉❝✐♥❣ ❤❡r ✉t✐❧✐t②✳ ❲❤✐❝❤ ♦❢ t❤❡ t✇♦
❡✛❡❝ts ❞♦♠✐♥❛t❡s❄ ■ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ✐s ❛❜♦✈❡ s♦♠❡
❝✉t♦✛✱ t❤❡ s❡❝♦♥❞ ❡✛❡❝t ✐s str♦♥❣❡r✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✐s ✇♦rs❡
♦✛ ✕ ✐♥t✉✐t✐✈❡❧②✱ t❤❡ r❡❛s♦♥ ✐s t❤❛t ✇❤❡♥ ❝♦♠♣❡t✐t✐♦♥ ✐s str♦♥❣✱ t❤❡ ♣❛②♦✛
♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ✐s s✉✣❝✐❡♥t❧② ❧♦✇ ❡✈❡♥ ✇✐t❤♦✉t
s✉❝❤ ❛ ❝♦♠♠✐t♠❡♥t✳ ❙✐♥❝❡ ❝❛♥❞✐❞❛t❡s ❛r❡ ❛❧✇❛②s ❤✉rt ❜② ♠❛♥❞❛t♦r② ❞✐s❝❧♦s✲
✉r❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ♠❛♥❞❛t♦r② ❞✐s❝❧♦s✉r❡ ✐s str✐❝t❧② P❛r❡t♦✲❞♦♠✐♥❛t❡❞ ❜②
✈♦❧✉♥t❛r② ❞✐s❝❧♦s✉r❡ ✉♥❧❡ss t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ✐s s♠❛❧❧✳ ❋♦r ❡①❛♠♣❧❡✱
✇❤❡♥ ❝❛♥❞✐❞❛t❡s✬ t②♣❡s ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✱ ■ s❤♦✇ t❤❛t ♠❛❦✐♥❣ t❤❡
t❡st ✈♦❧✉♥t❛r② ✐s ❜❡tt❡r ✇❤❡♥❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ✐s ❛t ❧❡❛st 3✳
❋♦✉rt❤✱ ■ ❝♦♥s✐❞❡r ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ t❡st s❡♥❞s ❛♥ ✐♠♣❡r❢❡❝t s✐❣♥❛❧
❛❜♦✉t ❛ ❝❛♥❞✐❞❛t❡✬s t②♣❡✳ ❚❤❡ ♣❛♣❡r s❤♦✇s t❤❛t ❝❛♥❞✐❞❛t❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧②
t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ ✐t ✐s ♥♦✐s✐❡r✳ ■♥t✉✐t✐✈❡❧②✱ ✇✐t❤♦✉t ♥♦✐s❡✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡
✇❤♦s❡ t②♣❡ ✐s ❛t t❤❡ t❤r❡s❤♦❧❞ t❛❦❡s t❤❡ t❡st✱ ❤❡ ❝❛♥ ♦♥❧② ✇✐♥ ✐❢ ♥♦ ♦t❤❡r
❝❛♥❞✐❞❛t❡ ❤❛s ❛ ❤✐❣❤❡r t②♣❡✳ ❲✐t❤ ♥♦✐s❡✱ ❤❡ ❝❛♥ ❛❧s♦ ✇✐♥ ✐❢ s♦♠❡ ❝❛♥❞✐❞❛t❡
❤❛s ❛ ❤✐❣❤❡r t②♣❡ ❜✉t ❞♦❡s ✇♦rs❡ ♦♥ t❤❡ t❡st✳ ❍❡♥❝❡✱ ❤✐s ✐♥❝❡♥t✐✈❡ t♦ t❛❦❡
t❤❡ t❡st ✐♥❝r❡❛s❡s✳
❚♦ s❡❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ r❡s✉❧ts✱ ❝♦♥s✐❞❡r s❡✈❡r❛❧ ✜r♠s ❝♦♠♣❡t✐♥❣
❢♦r ❛ ♣r♦❝✉r❡♠❡♥t ❝♦♥tr❛❝t ✇✐t❤ ❛ ✜①❡❞ ♣r✐❝❡✳ ❊❛❝❤ ✜r♠ ❝❛♥ ❝r❡❞✐❜❧② r❡✈❡❛❧
t❤❡ q✉❛❧✐t② ♦❢ ✐ts ♣r♦❞✉❝t ❜② ❛s❦✐♥❣ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❜♦❞② t♦ ❝❡rt✐❢② ✐t ❛t
✶❙❡❡ ❛♥ ♦✈❡r✈✐❡✇ ✐♥ ❉r❛♥♦✈❡ ❛♥❞ ❏✐♥ ✭✷✵✶✵✮✳
✸
s♦♠❡ ❝♦st✳ ■❢ ♠♦r❡ ✜r♠s ❡♥t❡r✱ ❞♦❡s t❤❡ ❜✉②❡r ❜❡❝♦♠❡ ♠♦r❡ ✐♥❢♦r♠❡❞❄ ❚❤❡
✜rst r❡s✉❧t s✉❣❣❡sts t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥ ✇✐❧❧ r❡❞✉❝❡ ✐♥❢♦r♠❛t✐♦♥
r❡✈❡❧❛t✐♦♥ ✇❤❡♥ ❝❡rt✐✜❝❛t✐♦♥ ✐s ❝❤❡❛♣ r❡❧❛t✐✈❡ t♦ ♣r♦✜t ♠❛r❣✐♥s ✐♥ t❤❡ ♠❛r❦❡t✱
❜✉t ♥♦t ✇❤❡♥ ✐t ✐s ❝♦st❧②✳
❆❧t❡r♥❛t✐✈❡❧②✱ ❝♦♥s✐❞❡r ❛♥ ❡❧❡❝t✐♦♥ ❝♦♥t❡st❡❞ ❜② s❡✈❡r❛❧ ❝❛♥❞✐❞❛t❡s✳ ❊❛❝❤
❝❛♥❞✐❞❛t❡ ❝❛♥ ❝❤♦♦s❡ t♦ ♦r❣❛♥✐s❡ ❛ ♣r❡ss ❝♦♥❢❡r❡♥❝❡✱ ♦r t❛❦❡ ♣❛rt ✐♥ ❛ ♣✉❜❧✐❝
❞❡❜❛t❡✳ ❚❤❡s❡ ❛❝t✐♦♥s s❡♥❞ ❛ s✐❣♥❛❧ ❛❜♦✉t t❤❡ ❝❛♥❞✐❞❛t❡✬s ❝♦♠♣❡t❡♥❝❡✱ ✇❤✐❝❤
❛r❡ r❡♣♦rt❡❞ t♦ ✈♦t❡rs ❜② ♠❡❞✐❛✳ ❚❤❡ s✐❣♥❛❧s r❡❛❝❤ t❤❡ ❡❧❡❝t♦r❛t❡ ✇✐t❤ s♦♠❡
♥♦✐s❡✱ ✇❤✐❝❤ ✐s ❧❛r❣❡r ✇❤❡♥ t❤❡ q✉❛❧✐t② ♦❢ ❥♦✉r♥❛❧✐s♠ ✐s ❧♦✇❡r✱ ♦r ✇❤❡♥ ♠❡❞✐❛
♣❡♥❡tr❛t✐♦♥ ✐s ❧♦✇ ✭s♦ ✈♦t❡rs t❡♥❞ t♦ ❧❡❛r♥ ♠❡❞✐❛ st♦r✐❡s t❤r♦✉❣❤ t❤❡✐r ❢r✐❡♥❞s✱
r❛t❤❡r t❤❛♥ ❞✐r❡❝t❧②✮✳ ❚❤❡ ❢♦✉rt❤ r❡s✉❧t s✉❣❣❡sts t❤❛t ✐♥ s✉❝❤ s✐t✉❛t✐♦♥s✱
❝❛♥❞✐❞❛t❡s ✇✐❧❧ ❜❡ ♠♦r❡ ❧✐❦❡❧② t♦ s❡♥❞ s✐❣♥❛❧s ❛❜♦✉t t❤❡✐r q✉❛❧✐t②✳
❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r ✉♥✐✈❡rs✐t② ❛♣♣❧✐❝❛♥ts t❤❛t ❝❛♥ r❡✈❡❛❧ t❤❡✐r ❛❜✐❧✐t②
t❤r♦✉❣❤ ❛ st❛♥❞❛r❞✐s❡❞ t❡st s✉❝❤ ❛s ❙❆❚ ♦r ●❘❊✳ ❙❤♦✉❧❞ ✉♥✐✈❡rs✐t✐❡s ♠❛❦❡
s✉❜♠✐ss✐♦♥ ♦❢ t❡st s❝♦r❡s ♦♣t✐♦♥❛❧ r❛t❤❡r t❤❛♥ ♠❛♥❞❛t♦r②❄ ❲❤✐❧❡ ♥❡❣❛t✐✈❡ ❡❢✲
❢❡❝ts ♦❢ ❤✐❣❤❧② ❝♦♠♣❡t✐t✐✈❡ ✉♥✐✈❡rs✐t② ❛❞♠✐ss✐♦♥ t❡sts ♦♥ ❛♣♣❧✐❝❛♥ts ❤❛✈❡ ❜❡❡♥
♥♦t❡❞ ❜❡❢♦r❡✷✱ t❤❡ t❤✐r❞ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r s✉❣❣❡sts t❤❛t ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s✱
✉♥✐✈❡rs✐t✐❡s t♦♦ ❝❛♥ ❜❡ ❜❡tt❡r ♦✛ ✐❢ s✉❜♠✐ss✐♦♥ ♦❢ t❡st s❝♦r❡s ✐s ♦♣t✐♦♥❛❧✳
❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ ✜r♠ r✉♥♥✐♥❣ ❛ st❛♥❞❛r❞✐s❡❞ t❡st✳ ❚❤❡
✜r♠ ✇❛♥ts t♦ ♠❛①✐♠✐s❡ ✐ts ♣r♦✜t✱ ❛♥❞ ❝❛♥ ❝❤♦♦s❡ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ♦❢ t❤❡ t❡st✳
❚❤❡ ❢♦✉rt❤ r❡s✉❧t ✐♠♣❧✐❡s t❤❛t ✐♥❝r❡❛s✐♥❣ ♥♦✐s❡ ✐♥❝r❡❛s❡s t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r
♦❢ t❡st t❛❦❡rs✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ✜r♠✬s ❡①♣❡❝t❡❞ r❡✈❡♥✉❡✳ ❲❤✐❧❡ ✐t ✐s ♣♦ss✐❜❧❡
t❤❛t ❛ ♠♦r❡ ♣r❡❝✐s❡ t❡st ✐s ♠♦r❡ ❝♦st❧② t♦ r✉♥✱ t❤✐s s✉❣❣❡sts t❤❛t t❤❡ ✜r♠ ❝❛♥
✐♥t❡♥t✐♦♥❛❧❧② ♠❛❦❡ t❤❡ t❡st ✐♠♣r❡❝✐s❡ ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤✐s ❢❛❝t♦r✳
❚❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ❞✐s❝✉ss❡s t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s
t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ❡①❛♠✐♥❡s t❤❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ ❞✐s❝❧♦s✲
✉r❡✳ ❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s ❤♦✇ ♣❧❛②❡rs✬ ✉t✐❧✐t✐❡s ❛r❡ ❛✛❡❝t❡❞ ❜② ❝♦♠♣❡t✐t✐♦♥ ❛♥❞
❝♦st ♦❢ t❤❡ t❡st✳ ❙❡❝t✐♦♥ ✺ ❛♥❛❧②s❡s t❤❡ ❡✛❡❝t ♦❢ ♠❛❦✐♥❣ t❤❡ t❡st ♠❛♥❞❛t♦r②
❢♦r r❡❝❡✐✈✐♥❣ t❤❡ ♣r✐③❡✳ ❙❡❝t✐♦♥ ✻ ❛♥❛❧②s❡s t❤❡ ❡✛❡❝t ♦❢ t❡st ♣r❡❝✐s✐♦♥✳ ❙❡❝t✐♦♥
✼ ❞✐s❝✉ss❡s ❛s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝❛s❡ ✇❤❡♥ ❝❛♥❞✐❞❛t❡s ❤❛✈❡
❤❡t❡r♦❣❡♥❡♦✉s ❝♦sts ♦❢ t❛❦✐♥❣ t❤❡ t❡st✳ ❙❡❝t✐♦♥ ✽ ❝♦♥❝❧✉❞❡s✳ ❚❤❡ ❛♣♣❡♥❞✐①
❝♦♥t❛✐♥s ❛❧❧ ♣r♦♦❢s✳
❘❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♣❛♣❡r ✐s r❡❧❛t❡❞ t♦ s❡✈❡r❛❧ str❛♥❞s ♦❢ ❧✐t❡r❛t✉r❡✳
❆ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs✱ st❛rt✐♥❣ ✇✐t❤ ❙♣❡♥❝❡ ✭✶✾✼✸✮✱ ❧♦♦❦ ❛t s❡♥❞❡rs ✇❤♦ s✐❣✲
♥❛❧ t❤❡✐r t②♣❡s ❜② t❛❦✐♥❣ ❝♦st❧② ❛❝t✐♦♥s✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛
✷❙❡❡ ❛ ❞✐s❝✉ss✐♦♥ ✐♥ ❖❧s③❡✇s❦✐ ❛♥❞ ❙✐❡❣❡❧ ✭✷✵✶✻✮✳
✹
t②♣✐❝❛❧❧② ❡①✐st✱ ✐♥❝❧✉❞✐♥❣ ❛ ♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ❙✐❣♥❛❧❧✐♥❣ ✐s ❞✐✛❡r❡♥t ❢r♦♠
t❡st✐♥❣ ♠♦❞❡❧❧❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❜❡❝❛✉s❡ ❛ t❡st ❞✐r❡❝t❧② r❡✈❡❛❧s t❤❡ t②♣❡ t♦
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✳ ❍❡♥❝❡✱ ✐♥ ♠② ♣❛♣❡r ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ ❛ ❧♦✇ t②♣❡ ❝❛♥♥♦t
♠✐♠✐❝ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ ❛ ❤✐❣❤ t②♣❡ ✕ t❤✉s✱ t❛❦✐♥❣ t❤❡ t❡st ✐♠♣♦s❡s s❡♣❛r❛✲
t✐♦♥✱ ❛♥❞ ♦♥❧② ❝❛♥❞✐❞❛t❡s ✇❤♦ ❞♦ ♥♦t t❛❦❡ t❤❡ t❡st ❝❛♥ ♣♦♦❧✳ ❚❤✐s ❡♥s✉r❡s
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ❛♥❞ tr❛❝t❛❜❧❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❲✐t❤✐♥ t❤❡
s✐❣♥❛❧❧✐♥❣ ❧✐t❡r❛t✉r❡✱ ❋❡❧t♦✈✐❝❤ ❡t ❛❧✳ ✭✷✵✵✷✮✱ ❆❧ós✲❋❡rr❡r ❛♥❞ Pr❛t ✭✷✵✶✷✮✱ ❛♥❞
❉❛❧❡② ❛♥❞ ●r❡❡♥ ✭✷✵✶✹✮ ❡①❛♠✐♥❡ s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ ❛ ❙♣❡♥❝❡✲t②♣❡ s✐❣♥❛❧ ✐s
❝♦♠♣❧❡♠❡♥t❡❞ ❜② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡①♦❣❡♥♦✉s s✐❣♥❛❧ t❤❛t✱ ❧✐❦❡ t❡st s❝♦r❡ ✐♥ ♠②
♣❛♣❡r✱ ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ s❡♥❞❡r✬s t②♣❡✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ ❤♦✇❡✈❡r✱ t❤❡
❛❞❞✐t✐♦♥❛❧ s✐❣♥❛❧ ✐s ❝♦st❧❡ss t♦ t❤❡ s❡♥❞❡r ❛♥❞ ✐s tr❛♥s♠✐tt❡❞ r❡❣❛r❞❧❡ss ♦❢ t❤❡
s❡♥❞❡r✬s ❛❝t✐♦♥ ✕ ♦♥❧② t❤❡ ❙♣❡♥❝❡✲t②♣❡ s✐❣♥❛❧ ✐s ❝❤♦s❡♥ ❜② t❤❡ s❡♥❞❡r✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ♠② s❡t✉♣ ❝❛♥❞✐❞❛t❡s ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ s❡♥❞ ❛ t❡st s❝♦r❡✱
❛t ❛ ❝♦st✳ ❚❤✐s ❡♥❛❜❧❡s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ♥♦✐s❡ ♦♥
t❤❡✐r ❝❤♦✐❝❡✱ ❛s ✇❡❧❧ ❛s ♦❢ t❤❡ ✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ ♠❛❦✐♥❣ ❞✐s❝❧♦s✉r❡ ♠❛♥❞❛t♦r②✳
❆♥♦t❤❡r ❧✐t❡r❛t✉r❡ ❤❛s ❧♦♦❦❡❞ ❛t ♣r✐♥❝✐♣❛❧s t❤❛t ❞❡s✐❣♥ ♠❡❝❤❛♥✐s♠s t♦
✐♥❞✉❝❡ ❛❣❡♥ts t♦ t❛❦❡ ❛ t❡st✳ ■♥ ❘♦s❛r ✭✷✵✶✼✮ ❛ ♣r✐♥❝✐♣❛❧ ❢❛❝❡s ❛ s✐♥❣❧❡ ❛❣❡♥t
❛♥❞ ❞❡s✐❣♥s ❛♥ ❡①♣❡r✐♠❡♥t t❤❛t s❡♥❞s ❛ s✐❣♥❛❧ ❛❜♦✉t t❤❡ ❛❣❡♥t✬s t②♣❡❀ t❤❡
❛❣❡♥t ❝❛♥ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ t❛❦❡ ♣❛rt ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✳ ■♥ t❤❛t s❡tt✐♥❣✱
t❤❡ ❡①♣❡r✐♠❡♥t ✐s ❝♦st❧❡ss✳ ■♥ ❆❧♦♥s♦ ✭✷✵✶✼✮✱ t❤❡r❡ ❛r❡ t✇♦ ♣r✐♥❝✐♣❛❧s✱ ✇❤♦
❝♦♠♣❡t❡ ♦✈❡r ❛ ♣♦♦❧ ♦❢ ✇♦r❦❡rs t❤❛t ❛r❡ ✐♠♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ✈❛❧✉❡
♦❢ ❤❡r ♠❛t❝❤ ✇✐t❤ ❡❛❝❤ ♣r✐♥❝✐♣❛❧✳ ❚❤❡ ♣r✐♥❝✐♣❛❧s ❞❡s✐❣♥ r❡❝r✉✐t♠❡♥t ✐♥t❡r✲
✈✐❡✇s t❤❛t s❡♥❞ ✐♠♣❡r❢❡❝t s✐❣♥❛❧s ❛❜♦✉t ♠❛t❝❤ ✈❛❧✉❡s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❜❡✐♥❣
r❡❝r✉✐t❡❞ ✐s ❡♥❞♦❣❡♥♦✉s✱ ❛♥❞ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❜❛r❣❛✐♥✐♥❣✳ ●✐♥③❜✉r❣ ✭✷✵✷✵✮
❛♥❛❧②s❡s ❛ ✜r♠ t❤❛t s❡ts t❤❡ ♣r✐❝❡ ♦❢ ❛ t❡st t❤❛t ✐t ❛❞♠✐♥✐st❡rs❀ ✉♥❧✐❦❡ t❤❡
❞❡❝✐s✐♦♥✲♠❛❦❡r ✐♥ t❤✐s ♣❛♣❡r✱ ✐t ✐s ✐♥t❡r❡st❡❞ ✐♥ ♠❛①✐♠✐s✐♥❣ ❛❣❡♥ts✬ ❡①♣❡♥❞✐t✲
✉r❡ ♦♥ t❡st✐♥❣✱ r❛t❤❡r t❤❛♥ ✐♥ ❛❧❧♦❝❛t✐♥❣ ❛ ♣r✐③❡ ♦♣t✐♠❛❧❧②✳ ❇❡♥✲P♦r❛t❤ ❡t ❛❧✳
✭✷✵✶✹✮ st✉❞② ❛ ♣r✐♥❝✐♣❛❧ ✇❤♦ ♥❡❡❞s t♦ ❛❧❧♦❝❛t❡ ❛♥ ♦❜❥❡❝t t♦ ♦♥❡ ♦❢ ❛ ♥✉♠✲
❜❡r ♦❢ ♣r✐✈❛t❡❧② ✐♥❢♦r♠❡❞ ❛❣❡♥ts✳ ❆♥ ❛❣❡♥t✬s t②♣❡ ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❛t ❛ ❝♦st✳
❯♥❧✐❦❡ t❤✐s ♣❛♣❡r✱ t❤❡ ❝♦st ✐s ♣❛✐❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧ ✭t❤❡ ♣❛♣❡r ❛❧s♦ ❞✐s❝✉ss❡s
❛♥ ❡①t❡♥s✐♦♥ ✐♥ ✇❤✐❝❤✱ ✐♥ ❛❞❞✐t✐♦♥✱ ✈❡r✐✜❝❛t✐♦♥ ❛❧s♦ ✐♠♣♦s❡s ❛ ❝♦st ♦♥ t❤❡
❛❣❡♥t✮✳ ❚❤❡ ♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠ ✐♥✈♦❧✈❡s s❡❧❡❝t✐♥❣ ❛ ❢❛✈♦✉r❡❞ ❛❣❡♥t✱ ❛s❦✐♥❣
❛❣❡♥ts ❛❜♦✉t t❤❡✐r t②♣❡s✱ ❛♥❞ ✈❡r✐❢②✐♥❣ t❤❡ t②♣❡s ♦❢ ❛❣❡♥ts ✇❤♦ r❡♣♦rt ❤✐❣❤❡r
t②♣❡s t❤❛♥ t❤❡ ❢❛✈♦✉r❡❞ ❛❣❡♥t ❞♦❡s✳ ■♥ ❝♦♥tr❛st✱ ♠② ♣❛♣❡r ❝♦♥s✐❞❡rs ❛ ❝♦♥✲
str❛✐♥❡❞ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ❝❛♥❞✐❞❛t❡s ❛♥❞
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♦t❤❡r t❤❛♥ s✐❣♥❛❧s ❢r♦♠ t❤❡ t❡st✱ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r
❝❛♥♥♦t ❢❛✈♦✉r s♦♠❡ ❝❛♥❞✐❞❛t❡s ♦✈❡r ♦t❤❡rs✳
❚❤❡ ♣❛♣❡r ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ ♠♦❞❡❧s ♦❢ ❛✉❝t✐♦♥s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❝♦st❧②
✺
❡♥tr②✸✳ ❲❤✐❧❡ t❤❡s❡ ♠♦❞❡❧s ❞♦ ♥♦t ❞❡❛❧ ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥✱ t❛❦✐♥❣
t❤❡ t❡st ✐♥ ♠② ♣❛♣❡r ❝❛♥ ❜❡ ❢r❛♠❡❞ ❛s ❡♥t❡r✐♥❣ ❛ ❝♦♠♠♦♥✲✈❛❧✉❡ ❛✉❝t✐♦♥✳ ❚✇♦
❦❡② ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ♠② ♠♦❞❡❧ ❛♥❞ t❤❛t ❧✐t❡r❛t✉r❡ ✉♥❞❡r❧✐❡ t❤❡ ❞✐✛❡r❡♥t
r❡s✉❧ts t❤❛t ♠② ♠♦❞❡❧ ♣r♦❞✉❝❡s✳ ❋✐rst✱ ✐♥ ❛♥ ❛✉❝t✐♦♥ ✇✐t❤ ❡♥tr②✱ ❛♥ ❛❣❡♥t
✇❤♦ ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❛✉❝t✐♦♥ ❝❛♥♥♦t ✇✐♥ t❤❡ ♦❜❥❡❝t✱ ❛♥❞ r❡❝❡✐✈❡s ③❡r♦
♣❛②♦✛✳ ❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ❡♥tr② ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤ ❝♦♠♣❡t✐t✐♦♥✱
t❤✐s ✐♠♣❧✐❡s t❤❛t ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥ ❞❡❝r❡❛s❡s ❡♥tr②✳ ■♥ ♠② ♠♦❞❡❧✱ ♦♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❛ ❝❛♥❞✐❞❛t❡ ❝❛♥ ✇✐♥ t❤❡ ♣r✐③❡ ✇✐t❤♦✉t t❛❦✐♥❣ t❤❡ t❡st ✕ ♠♦r❡♦✈❡r✱
❙❡❝t✐♦♥ ✺ s❤♦✇s t❤❛t t❤✐s s❡t✉♣ P❛r❡t♦✲❞♦♠✐♥❛t❡s ❛♥ ✏❛✉❝t✐♦♥✲❧✐❦❡✑ s❡t✉♣ ✐♥
✇❤✐❝❤ t❛❦✐♥❣ t❤❡ t❡st ✐s r❡q✉✐r❡❞ ❢♦r ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
♣❛②♦✛s ❢r♦♠ t❛❦✐♥❣ t❤❡ t❡st ❛♥❞ ❢r♦♠ ♥♦t t❛❦✐♥❣ t❤❡ t❡st ❜♦t❤ ❝❤❛♥❣❡ ✇✐t❤ t❤❡
❧❡✈❡❧ ♦❢ ❝♦♠♣❡t✐t✐♦♥✱ ❛❧t❤♦✉❣❤ ❛t ✈❛r②✐♥❣ r❛t❡s✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ t❛❦✐♥❣ t❤❡ t❡st ✐s ♥♦♥♠♦♥♦t♦♥❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s✳ ❙❡❝♦♥❞✱ ✐♥ ❛♥
❛✉❝t✐♦♥✱ t❤❡ ✇✐♥♥✐♥❣ ❜✐❞❞❡r ❛♥❞ t❤❡ s❡❧❧❡r✬s ♣❛②♦✛ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛❣❡♥ts✬
❡♥❞♦❣❡♥♦✉s❧② ❝❤♦s❡♥ ❜✐❞s✳ ❚❤❡s❡ ❜✐❞s ❞❡♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✕ ❛s ❛
r❡s✉❧t✱ ✐♥ ❛♥ ❛✉❝t✐♦♥ t❤❡ s❡❧❧❡r ❣❛✐♥s ❢r♦♠ r❡str✐❝t✐♥❣ ❡♥tr② ✭▲❡✈✐♥ ❛♥❞ ❙♠✐t❤✱
✶✾✾✹✮✳ ■♥ ♠② ♣❛♣❡r✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✇✐♥♥❡r ❛♥❞ t❤❡ ♣❛②♦✛ ♦❢ t❤❡
❞❡❝✐s✐♦♥✲♠❛❦❡r ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ❝❛♥❞✐❞❛t❡s✬ ❡①♦❣❡♥♦✉s t②♣❡s✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛❧✇❛②s ❣❛✐♥s ❜♦t❤ ❢r♦♠ ✐♥❝r❡❛s❡❞ ❝♦♠♣❡t✐t✐♦♥✱ ❛♥❞
❢r♦♠ ♠♦r❡ ❝❛♥❞✐❞❛t❡s t❛❦✐♥❣ t❤❡ t❡st✳
❆♥♦t❤❡r r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡ st✉❞✐❡s ❛❧❧✲♣❛② ❛✉❝t✐♦♥s ♦r ❝♦♥t❡sts ✭s❡❡ ❈♦r❝❤ó♥
❛♥❞ ❙❡r❡♥❛✱ ✷✵✶✽✱ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✮✱ ✐♥ ✇❤✐❝❤ ❛❣❡♥ts ❝♦♠♣❡t❡ ❜② ❝❤♦♦s✐♥❣
❜✐❞s ♦r ❡✛♦rt ❧❡✈❡❧s✳ ▼② ♠♦❞❡❧ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥t❡st ✐♥ ✇❤✐❝❤ ❝❛♥❞✐❞❛t❡s
❝❤♦♦s❡ ❜❡t✇❡❡♥ ❤✐❣❤ ❡✛♦rt ✭t❛❦✐♥❣ t❤❡ t❡st✮ ❛♥❞ ❧♦✇ ❡✛♦rt ✭♥♦t t❛❦✐♥❣ t❤❡
t❡st✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✏❝♦♥t❡st✑ ❤❛s ✈❡r② ❛ ♣❛rt✐❝✉❧❛r str✉❝t✉r❡✿ t❤❡ ✇✐♥♥❡r
✐s ❞❡t❡r♠✐♥❡❞ ♥♦t ❜② ❝❛♥❞✐❞❛t❡s✬ ❡♥❞♦❣❡♥♦✉s❧② ❝❤♦s❡♥ ❡✛♦rt✱ ❜✉t ❜② t❤❡✐r
❡①♦❣❡♥♦✉s t②♣❡s✹ ✭❢♦r t❤♦s❡ ✇❤♦ t❛❦❡ t❤❡ t❡st✮✱ ♦r r❛♥❞♦♠❧② ✭✇❤❡♥ ♥♦❜♦❞②
t❛❦❡s ✐t✮✳ ❚❤✐s ♣r♦❞✉❝❡s ✈❡r② ❞✐✛❡r❡♥t r❡s✉❧ts✳ ❋✐rst✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣✉r❡✲
str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ✇❤❡r❡❛s ✐♥ ❛ st❛♥❞❛r❞ ❛❧❧✲♣❛② ❛✉❝t✐♦♥ ❛ ♣✉r❡ str❛t❡❣②
✸❙❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ▼❝❆❢❡❡ ❛♥❞ ▼❝▼✐❧❧❛♥ ✭✶✾✽✼✮✱ ▲❡✈✐♥ ❛♥❞ ❙♠✐t❤ ✭✶✾✾✹✮✱ ▼♦r❡♥♦ ❛♥❞
❲♦♦❞❡rs ✭✷✵✶✶✮✱ ❙♦❣♦ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❈❛♦ ❡t ❛❧✳ ✭✷✵✶✽✮✱ ❛♥❞ ♦t❤❡rs✳
✹❙♦♠❡ ❝♦♥t❡st ♠♦❞❡❧s ✐♥❝♦r♣♦r❛t❡ ❡①♦❣❡♥♦✉s ❤❡t❡r♦❣❡♥❡✐t② ❛♠♦♥❣ ❝♦♥t❡st❛♥ts ❜② ❛❧✲
❧♦✇✐♥❣ ❢♦r ❛s②♠♠❡tr✐❝ ❝♦sts ♦❢ ❡✛♦rt ✭▼♦❧❞♦✈❛♥✉ ❛♥❞ ❙❡❧❛✱ ✷✵✵✶❀ ▲✐✉ ❡t ❛❧✳✱ ✷✵✶✽✮ ♦r
❝♦♠♠♦♥❧② ❦♥♦✇♥ ❤❡❛❞ st❛rts ✭❙✐❡❣❡❧✱ ✷✵✵✾❀ ✷✵✶✹✮✳ ❯♥❧✐❦❡ ❝♦sts ♦❢ ❡✛♦rt✱ ❝❛♥❞✐❞❛t❡s✬ t②♣❡s
✐♥ ♠② ♠♦❞❡❧ ❞♦ ♥♦t ❛✛❡❝t t❤❡ ❝♦st ♦❢ t❛❦✐♥❣ t❤❡ t❡st✱ ❜✉t ❞✐r❡❝t❧② ❞❡t❡r♠✐♥❡ ❝❛♥❞✐❞❛t❡s✬
❝❤❛♥❝❡s ♦❢ ✇✐♥♥✐♥❣ ✐♥ ❝❛s❡ t❤❡② ❞♦✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✉♥❧✐❦❡ ❤❡❛❞ st❛rts✱ ❝❛♥❞✐❞❛t❡s✬
t②♣❡s ❛r❡ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥❀ ❢✉rt❤❡r♠♦r❡✱ t❤❡② ♦♥❧② ❛✛❡❝t t❤❡ ❝❤❛♥❝❡ ♦❢ ✇✐♥♥✐♥❣
❢♦r ❝❛♥❞✐❞❛t❡s ✇❤♦ t❛❦❡ t❤❡ t❡st✳
✻
❡q✉✐❧✐❜r✐✉♠ t②♣✐❝❛❧❧② ❞♦❡s ♥♦t ❡①✐st✳ ❙❡❝♦♥❞✱ ❛ ❝♦♥t❡st ❞❡s✐❣♥❡r ❛✐♠s t♦ ♠❛①✲
✐♠✐s❡ ❝♦♥t❡st❛♥ts✬ ❡✛♦rt✺✳ ❚❤✐s ♠❛❦❡s ✐t ♦♣t✐♠❛❧ ❢♦r ❤❡r t♦ ❝♦♠♠✐t t♦ ❣✐✈❡
③❡r♦ r❡✇❛r❞ t♦ ❛ ❝♦♥t❡st❛♥t ✇❤♦ ❡①❡rts t❤❡ ♠✐♥✐♠✉♠ ❧❡✈❡❧ ♦❢ ❡✛♦rt✳ ❍❡r❡✱ ♦♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✐s ♥♦t ❞✐r❡❝t❧② ✐♥t❡r❡st❡❞ ✐♥ ❝❛♥❞✐❞❛t❡s
t❛❦✐♥❣ t❤❡ t❡st ✕ ✐♥st❡❛❞✱ s❤❡ ❛✐♠s t♦ ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤❡
❤✐❣❤❡st t②♣❡✳ ❆s ❛ r❡s✉❧t✱ ❛s ❙❡❝t✐♦♥ ✺ s❤♦✇s✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♣r❡❢❡rs ♥♦t
t♦ ❝♦♠♠✐t t♦ ♠❛❦❡ t❡st t❛❦✐♥❣ ♠❛♥❞❛t♦r② ❢♦r r❡❝❡✐✈✐♥❣ t❤❡ ♣r✐③❡✳ ❚❤✐r❞✱ ❛s
❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣❛②♦✛ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡
t❤❡ t❡st ✐s ♣♦s✐t✐✈❡ ✐♠♣❧✐❡s t❤❛t ❝♦♠♣❡t✐t✐♦♥ ❤❛s ❛ ♥♦♥✲♠♦♥♦t♦♥❡ ❡✛❡❝t ♦♥
t❡st ♣❛rt✐❝✐♣❛t✐♦♥✱ ✐♥ ❝♦♥tr❛st t♦ ❛ st❛♥❞❛r❞ ♦✉t❝♦♠❡ ✐♥ ❝♦♥t❡st ♠♦❞❡❧s✳
❋✐♥❛❧❧②✱ ❛ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs ✭❏❛♥ss❡♥ ❛♥❞ ❘♦②✱ ✷✵✶✺❀ ▲❡✈✐♥ ❡t ❛❧✳✱ ✷✵✵✾❀
❇♦❛r❞✱ ✷✵✵✾❀ ❋♦r❛♥❞✱ ✷✵✶✸✮ ❤❛✈❡ ❧♦♦❦❡❞ ❛t ❝♦♠♣❡t✐♥❣ ✜r♠s ✇❤♦ ❝❤♦♦s❡
✇❤❡t❤❡r t♦ r❡✈❡❛❧ t❤❡✐r ♣r♦❞✉❝t q✉❛❧✐t② ❛t ❛ ❝♦st✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❈❤❡♦♥❣
❛♥❞ ❑✐♠ ✭✷✵✵✹✮ ❛♥❞ ●✉♦ ❛♥❞ ❩❤❛♦ ✭✷✵✵✾✮ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡
✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ ✜r♠s ❝♦♠♣❡t❡ ❜② ❡♥❞♦❣❡♥♦✉s❧② s❡t✲
t✐♥❣ ♣r✐❝❡s❀ ❛ ✜r♠ t❤❛t r❡✈❡❛❧s ✐ts ♣r♦❞✉❝t q✉❛❧✐t② ✐s ❛❜❧❡ t♦ ❝❤❛r❣❡ ❛ ❤✐❣❤❡r
♣r✐❝❡✱ ✇❤✐❧❡ ❛ ✜r♠ t❤❛t ❞♦❡s ♥♦t r❡❝❡✐✈❡s ③❡r♦ ♣r♦✜t✳ ❙✐♥❝❡ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r
♦❢ ✜r♠s ❧♦✇❡rs ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✱ ✐t r❡❞✉❝❡s ✐♥❝❡♥t✐✈❡s t♦ r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥✳
■♥ ❝♦♥tr❛st✱ ✐♥ ♠② ♣❛♣❡r ❝❛♥❞✐❞❛t❡s ❝❛♥ ♦♥❧② ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ t❛❦❡ t❤❡ t❡st
✕ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡ ✐s ❡①♦❣❡♥♦✉s❧② ✜①❡❞✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❛ ❝❛♥❞✐❞❛t❡
t❤❛t ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st r❡❝❡✐✈❡s ❛ ♣♦s✐t✐✈❡ ♣❛②♦✛ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡
♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s✳ ❆s ❛ r❡s✉❧t✱ ❝♦♠♣❡t✐t✐♦♥ ❤❛s ❛ ♥♦♥✲♠♦♥♦t♦♥❡ ❡✛❡❝t
♦♥ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥✳
✷ ▼♦❞❡❧
❚❤❡r❡ ❛r❡ n > 1 ❝❛♥❞✐❞❛t❡s ✭♠❛❧❡✮ t❤❛t ❛r❡ ❝♦♠♣❡t✐♥❣ ❢♦r ❛ ♣r✐③❡ ❛❧❧♦❝❛t❡❞
❜② ❛ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✭❢❡♠❛❧❡✮✳ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡ t♦ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ✐s
1✳ ❊❛❝❤ ❝❛♥❞✐❞❛t❡ i ❤❛s ❛ t②♣❡ xi ∈ [0, ✶]✱ ✇❤✐❝❤ ✐s ❤✐s ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳
❚②♣❡s ❛r❡ ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ F ✇✐t❤ ❛♥ ❛ss♦❝✐❛t❡❞
❞❡♥s✐t② f ✳ ❊❛❝❤ ❝❛♥❞✐❞❛t❡ ❝❛♥ ❞❡❝✐❞❡ t♦ t❛❦❡ ❛ t❡st ❛t ❛ ❝♦st c ∈ (0, 1)✳ ❚❤❡
t❡st✱ ✐❢ t❛❦❡♥✱ ♣❡r❢❡❝t❧② r❡✈❡❛❧s ❤✐s t②♣❡ t♦ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✻✳
❚❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r r❡❝❡✐✈❡s ❛ ♣❛②♦✛ xi ✐❢ s❤❡ ❛❧❧♦❝❛t❡s t❤❡ ♣r✐③❡ t♦ ❝❛♥✲
❞✐❞❛t❡ i✳ ❍❡♥❝❡✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ t♦ ❛
✺❚②♣✐❝❛❧❧② ❛❣❣r❡❣❛t❡ ❡✛♦rt✱ ♦r✱ ❛s ✐♥ ❉❡♥t❡r ❛♥❞ ❙✐s❛❦ ✭✷✵✶✻✮✱ t❤❡ ❡✛♦rt ♦❢ t❤❡ ✇✐♥♥❡r✳
✻❙❡❝t✐♦♥ ✻ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ t❡st ✐s ♥♦✐s②✱ ✇❤✐❧❡ ❙❡❝t✐♦♥ ✼✳✷ ❛♥❛❧②s❡s t❤❡ ❝❛s❡
✇❤❡♥ t❤❡ ❝♦st ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❝❛♥❞✐❞❛t❡✬s t②♣❡✳
✼
❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st t②♣❡✳ ❚❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✐s ♥♦t ❛❧❧♦✇❡❞ t♦ ❢❛✈♦✉r
s♦♠❡ ❝❛♥❞✐❞❛t❡s ♦✈❡r ♦t❤❡rs ✕ t❤✉s✱ ✐❢ ❤❡r ♣♦st❡r✐♦r ❜❡❧✐❡❢ ✐s s✉❝❤ t❤❛t s❡✈❡r❛❧
❝❛♥❞✐❞❛t❡s ❤❛✈❡ t❤❡ ❤✐❣❤❡st ❡①♣❡❝t❡❞ t②♣❡✱ s❤❡ r❛♥❞♦♠✐s❡s ❜❡t✇❡❡♥ t❤❡♠
✉♥✐❢♦r♠❧②✳
❚❤❡ t✐♠✐♥❣ ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ♥❛t✉r❡ ❞r❛✇s xi ❢♦r ❡✈❡r② ❝❛♥❞✐❞❛t❡
i✳ ❊❛❝❤ ❝❛♥❞✐❞❛t❡ ❧❡❛r♥s ❤✐s t②♣❡✳ ❈❛♥❞✐❞❛t❡s t❤❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❝✐❞❡
✇❤❡t❤❡r t♦ t❛❦❡ t❤❡ t❡st✳ ❚❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❧❡❛r♥s t❤❡ t②♣❡s ♦❢ ❝❛♥❞✐❞❛t❡s
✇❤♦ t♦♦❦ ✐t✳ ❙❤❡ t❤❡♥ ❝❤♦♦s❡s ❛ ❝❛♥❞✐❞❛t❡ t❤❛t r❡❝❡✐✈❡s t❤❡ ♣r✐③❡✳ ▼♦st ♦❢
t❤❡ ♣❛♣❡r ❢♦❝✉s❡s ♦♥ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛ ✕ t❤✉s✱ t❤❡ str❛t❡❣② ♦❢ ❡✈❡r② ❝❛♥✲
❞✐❞❛t❡ i ✐s ❛ ❢✉♥❝t✐♦♥ h : [0, 1] → [0, 1] ✇❤✐❝❤ ♠❛♣s t❤❡ ❝❛♥❞✐❞❛t❡✬s t②♣❡ t♦
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛❦✐♥❣ t❤❡ t❡st✳ ■ ❞✐s❝✉ss ❛s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛ ✐♥ ❙❡❝t✐♦♥
✼✳✶✳
✸ ❊✛❡❝t ♦❢ ❈♦♠♣❡t✐t✐♦♥
✸✳✶ ❊q✉✐❧✐❜r✐✉♠
❚❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇✐❧❧ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ t♦ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦s❡ ❡① ♣♦st ❡①✲
♣❡❝t❡❞ t②♣❡ ✐s t❤❡ ❤✐❣❤❡st✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st✱
❛ ❝❛♥❞✐❞❛t❡ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ✇✐♥ ✐❢ ❤✐s t②♣❡ ✐s ❤✐❣❤❡r✳ ❚❤❡♥ ❝❛♥❞✐❞❛t❡s ✇✐t❤
❤✐❣❤❡r t②♣❡s s❤♦✉❧❞ ❜❡ ♠♦r❡ ✇✐❧❧✐♥❣ t♦ t❛❦❡ t❤❡ t❡st✳ ❍❡♥❝❡✱ t❤❡r❡ s❤♦✉❧❞
❡①✐st ❛ ❝✉t♦✛ s✉❝❤ t❤❛t ❛ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤✐s t②♣❡ ✐s
❛❜♦✈❡ ✐t✳ ❚❤✐s ✐♥t✉✐t✐♦♥ ✉♥❞❡r❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
▲❡♠♠❛ ✶✳ ❆t ❡✈❡r② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ b ∈ (0, 1]
s✉❝❤ t❤❛t h (x) = 1 ❢♦r ❛❧❧ x > b✱ ❛♥❞ Pr [h (x) > 0 | x ≤ b] = 0✳
■♥ ✇♦r❞s✱ ❛♥② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ t❤r❡s❤♦❧❞ b
s✉❝❤ t❤❛t ❝❛♥❞✐❞❛t❡s ✇❤♦s❡ t②♣❡s ❛r❡ ❛❜♦✈❡ b ❛❧✇❛②s t❛❦❡ t❤❡ t❡st✱ ✇❤✐❧❡
❝❛♥❞✐❞❛t❡s ✇❤♦s❡ t②♣❡s ❛r❡ ❜❡❧♦✇ b ♥❡✈❡r t❛❦❡ t❤❡ t❡st ✕ ❡①❝❡♣t ❢♦r✱ ♣♦ss✐❜❧②✱
s♦♠❡ s❡t ♦❢ t②♣❡s ✇❤♦s❡ ♠❛ss ✐s ③❡r♦✼✳ ❚❤✐s ❧❛st ♣♦ss✐❜✐❧✐t② ✐s ✐rr❡❧❡✈❛♥t✱
❜❡❝❛✉s❡ t❤❡ ♣❛♣❡r ❡①❛♠✐♥❡s ✇❤❛t ❤❛♣♣❡♥s ✐♥ ❡①♣❡❝t❛t✐♦♥✳ ■ ✇✐❧❧ t❤✉s ❢♦❝✉s
♦♥ t❤❡ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st ✐❢
❛♥❞ ♦♥❧② ✐❢ ❤✐s t②♣❡ ✐s ❛❜♦✈❡ b✳
✼❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❧❛tt❡r ♣♦ss✐❜✐❧✐t② ✐s t❤❛t✱ ❢♦r t②♣❡s ❜❡t✇❡❡♥ ❊ (x | x < b) ❛♥❞ b✱ t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡ ❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st ✐s ❝♦♥st❛♥t ✕ ❜✉t ♦♥❧② ❛s ❧♦♥❣ ❛s t❤❡
♠❛ss ♦❢ ❝❛♥❞✐❞❛t❡s ✇✐t❤ t❤❡s❡ t②♣❡s ✇❤♦ t❛❦❡ t❤❡ t❡st ✐s ③❡r♦✳
✽
❚❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❡q✉❛❧s t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ♦❢ t❤❡
❝❛♥❞✐❞❛t❡ ✇❤♦♠ s❤❡ ❣✐✈❡s t❤❡ ♣r✐③❡✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ❤❛s ❛
t②♣❡ ❛❜♦✈❡ b✱ ❤❡ t❛❦❡s t❤❡ t❡st ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❧❡❛r♥s ❤✐s t②♣❡✳ ❚❤✐s
❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1−F (b)✳ ❍❡♥❝❡✱ ✐❢ ❛t ❧❡❛st ♦♥❡ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡
t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✐s ❛❜❧❡ t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ t♦ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡
✇✐t❤ ❝❡rt❛✐♥t②✳ ■♥ t❤❡s❡ s✐t✉❛t✐♦♥s✱ ■ ✇✐❧❧ s❛② t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠❛❦❡s
❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤✐s ❡✈❡♥t ✐s 1− F (b)n✳
■❢ ❝❛♥❞✐❞❛t❡ i ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❛t✐♦♥ ♦❢
i✬s t②♣❡ ❡q✉❛❧s ❊ [x | x < b]✳ ❙✐♥❝❡ b > ❊ [x | x < b]✱ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s
♥♦t t❛❦❡ t❤❡ t❡st ❤❛s ❛ ❧♦✇❡r ❡①✲♣♦st ❡①♣❡❝t❡❞ t②♣❡ t❤❛♥ ❛♥② ❝❛♥❞✐❞❛t❡ ✇❤♦
❞♦❡s✳ ❍❡ ❝❛♥ t❤✉s ♦♥❧② ✇✐♥ t❤❡ ♣r✐③❡ ✐❢ ♥♦❜♦❞② ❡❧s❡ t❛❦❡s t❤❡ t❡st✱ ✇❤✐❝❤
❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② F (b)n−1✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❣✐✈❡s
❤✐♠ t❤❡ ♣r✐③❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1
n
✳ ❚❤✉s✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡
t❡st✱ ❤✐s ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s F (b)n−1 1
n
✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤
t②♣❡ xi > b t❛❦❡s t❤❡ t❡st ❛♥❞ ✇✐♥s t❤❡ ♣r✐③❡ ✇✐t❤ ❝❡rt❛✐♥t② ✐❢ ❡✈❡r② ♦t❤❡r
❝❛♥❞✐❞❛t❡ ❤❛s ❛ ❧♦✇❡r t②♣❡✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② F (xi)
n−1✳
❙✉♣♣♦s❡ t❤❛t c ≤ n−1
n
✳ ❆t xi = b✱ ❝❛♥❞✐❞❛t❡ i ♠✉st ❜❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥
t❛❦✐♥❣ ❛♥❞ ♥♦t t❛❦✐♥❣ t❤❡ t❡st✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❡q✉❛t✐♦♥
F (b)n−1 − c = F (b)n−1
1
n
✭✶✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ c > n−1
n
✱ t❤❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✮ ✐s s♠❛❧❧❡r
t❤❛♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❢♦r ❛❧❧ b > 0✳ ❚❤❡♥ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♥♦ ❝❛♥❞✐❞❛t❡
✇❛♥ts t♦ t❛❦❡ t❤❡ t❡st✱ s♦ b = 1✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤r❡s❤♦❧❞ b ✐s
❝❤❛r❛❝t❡r✐s❡❞ ❛s ❢♦❧❧♦✇s✿
▲❡♠♠❛ ✷✳ ❚❤❡ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ❣✐✈❡♥ ❜② F (b) = min
{(
cn
n−1
) 1
n−1 , 1
}
✳
✸✳✷ ❊✛❡❝t ♦❢ ❈♦♠♣❡t✐t✐♦♥ ♦♥ ❉✐s❝❧♦s✉r❡
❍♦✇ ❞♦❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ n ❛✛❡❝t ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛t✐♦♥❄ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥
❧♦♦❦ ❛t t❤❡ ♣r♦❜❛❜✐❧✐t② 1−F (b)n t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠❛❦❡s ❛♥ ✐♥❢♦r♠❡❞
❞❡❝✐s✐♦♥✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ n ♦♥ t❤❛t ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t
✇✐❧❧ ❜❡ ✉s❡❢✉❧✿
▲❡♠♠❛ ✸✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ str✐❝t❧② ❞❡❝r❡❛s❡s ✇✐t❤ n
✐❢ c < n−1
ne
✱ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s❡s ✇✐t❤ n ✐❢ n−1
ne
< c < n−1
n
✳ ■❢ c > n−1
n
✱ t❤❡♥
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ ❡q✉❛❧s 0✳
✾
nc
2
1
0
c = n−1
ne
c = n−1
n1− F (b)
n = 0
1− F (b)n ✐♥❝r❡❛s❡s ✇✐t❤ n
1− F (b)n ❞❡❝r❡❛s❡s ✇✐t❤ n
1
2
1
e
1
2e
❋✐❣✉r❡ ✶✿ ❊✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ F (b)n✳
▲❡♠♠❛ ✸ s❤♦✇s t❤❛t t❤❡ ❡✛❡❝t ♦❢ n ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦ ❝❛♥❞✐❞❛t❡
t❛❦❡s t❤❡ t❡st ❞❡♣❡♥❞s ♦♥ ❤♦✇ ❧❛r❣❡ c ✐s r❡❧❛t✐✈❡ t♦ ❜♦✉♥❞❛r✐❡s t❤❛t ❞❡♣❡♥❞
♦♥ n✳ ❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤✐s r❡s✉❧t✳
❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✶✱ ✐❢ c ✐s ❤✐❣❤✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦ ❝❛♥❞✐❞❛t❡
t❛❦❡s t❤❡ t❡st ✐s ❡✐t❤❡r ❝♦♥st❛♥t ❛t 1✱ ♦r ❞❡❝r❡❛s❡s ✇✐t❤ n✳ ■❢ c ✐s ❧♦✇✱ t❤❡♥ t❤❛t
♣r♦❜❛❜✐❧✐t② ✐♥❝r❡❛s❡s ✇✐t❤ n✳ ❖✈❡r❛❧❧✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❤❛r❛❝t❡r✐s❡s t❤❡
❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ ❢♦r ❞✐✛❡r❡♥t
❧❡✈❡❧s ♦❢ c✿
Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ c > 1
e
✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ ✇❡❛❦❧②
✐♥❝r❡❛s❡s ✇✐t❤ n✳ ■❢ c < 1
2e
✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ str✐❝t❧②
❞❡❝r❡❛s❡s ✇✐t❤ n✳ ■❢ c ∈
(
1
2e
, 1
e
)
✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ str✐❝t❧②
✐♥❝r❡❛s❡s ✇✐t❤ n ✐❢ n < 1
1−ce
✱ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s❡s ✇✐t❤ n ✐❢ n > 1
1−ce
✳
❚♦ s❡❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s r❡s✉❧t✱ ❝♦♥s✐❞❡r t❤❡ ♠❛r❣✐♥❛❧ ❝❛♥❞✐❞❛t❡✱
✇❤♦s❡ t②♣❡ ❡q✉❛❧s b✳ ❋♦r ❤✐♠✱ ✐♥❝r❡❛s✐♥❣ n ❤❛s t✇♦ ❡✛❡❝ts✳ ❋✐rst✱ t❤❡ ❡①♣❡❝t❡❞
♣❛②♦✛ ❢r♦♠ t❛❦✐♥❣ t❤❡ t❡st ❢❛❧❧s✱ ❜❡❝❛✉s❡ F (b)n−1✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦
♦t❤❡r ❝❛♥❞✐❞❛t❡ ❤❛s ❛ ❤✐❣❤❡r t②♣❡✱ ❞❡❝r❡❛s❡s✳ ❙❡❝♦♥❞✱ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛
❢r♦♠ ♥♦t t❛❦✐♥❣ t❤❡ t❡st ❢❛❧❧s ❛s ✇❡❧❧✱ ❜❡❝❛✉s❡ 1
n
✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❜❡✐♥❣
r❛♥❞♦♠❧② s❡❧❡❝t❡❞ t♦ r❡❝❡✐✈❡ t❤❡ ♣r✐③❡ ✇❤❡♥ ♥♦❜♦❞② t❛❦❡s t❤❡ t❡st✱ ❜❡❝♦♠❡s
s♠❛❧❧❡r✳ ❇✉t ✐❢ c ✐s ❧♦✇✱ t❤❡♥ b ✐s ❧♦✇ ❛s ✇❡❧❧✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ✐♠♣❛❝t ♦❢
✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ♦♥ F (b)n−1 ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✳ ❚❤✉s✱ t❤❡
✶✵
✜rst ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞✱ ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❝❛♥❞✐❞❛t❡ ❜❡❝♦♠❡s ❧❡ss
✇✐❧❧✐♥❣ t♦ t❛❦❡ t❤❡ t❡st✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ c ✐s ❤✐❣❤ ✭❜✉t ♥♦t s♦ ❤✐❣❤ t❤❛t
♥♦❜♦❞② t❛❦❡s t❤❡ t❡st✮✱ t❤❡♥ F (b) ✐s ❝❧♦s❡ t♦ 1✳ ❚❤❡♥ ✐♥❝r❡❛s✐♥❣ n ❞♦❡s ♥♦t
❝❤❛♥❣❡ F (b)n−1 ♠✉❝❤✱ ❛♥❞ s♦ t❤❡ s❡❝♦♥❞ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ✜rst✳ ❋✐♥❛❧❧②✱
✐❢ c ✐s ✈❡r② ❧❛r❣❡✱ t❤❡♥ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✱ ❛♥❞ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ✐♥
n ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ t❤❡ ❞❡❝✐s✐♦♥
♦❢ ❛ ❣✐✈❡♥ ❝❛♥❞✐❞❛t❡ t♦ t❛❦❡ t❤❡ t❡st✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ t❛❦❡s
t❤❡ t❡st ✐s 1 − F (b)✳ ❚❤❡ ❡✛❡❝t ♦❢ n ♦♥ t❤✐s ♣r♦❜❛❜✐❧✐t② ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
▲❡♠♠❛ ✹✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st str✐❝t❧② ❞❡❝r❡❛s❡s
✇✐t❤ n ✐❢ c < n−1
n
e−
1
n ✱ str✐❝t❧② ✐♥❝r❡❛s❡s ✇✐t❤ n ✐❢ n−1
n
e−
1
n < c < n−1
n
✱ ❛♥❞
❡q✉❛❧s 0 ✐❢ c > n−1
n
✳
❚❤✐s r❡s✉❧t ✐s s✐♠✐❧❛r ✐♥ s♣✐r✐t t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✿ ✇❤❡♥ n ✐♥❝r❡❛s❡s✱
❝❛♥❞✐❞❛t❡s ❜❡❝♦♠❡ ❧❡ss ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ ✐ts ❝♦st ✐s ❧♦✇✱ ❛♥❞ ♠♦r❡
❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ ✐ts ❝♦st ✐s ❤✐❣❤✳
✸✳✸ ❆s②♠♣t♦t✐❝ ❘❡s✉❧ts
❚❤❡ r❡s✉❧ts ❛❜♦✈❡ s✉❣❣❡st t❤❛t ✇❤❡♥ n ✐s ✈❡r② ❧❛r❣❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥
✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ n ✐❢ c ✐s ❛❜♦✈❡ ❛ ❝✉t♦✛ t❤❛t ❛♣✲
♣r♦❛❝❤❡s 1
e
✱ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ n ✐❢ c ✐s ❜❡❧♦✇ t❤❛t ❝✉t♦✛✳ ❲❤❡r❡ ❞♦❡s
t❤✐s ♣r♦❜❛❜✐❧✐t② ❝♦♥✈❡r❣❡ ❛s n→∞❄
❙✐♥❝❡ lim
n→∞
(
cn
n−1
) 1
n−1 = lim
n→∞
(
c
1− 1
n
) 1
n−1
= 1✱ ▲❡♠♠❛ ✷ ✐♠♣❧✐❡s t❤❛t lim
n→∞
F (b) =
1✱ ✐✳❡✳ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❣✐✈❡♥ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st ❣♦❡s t♦ ③❡r♦✳ ■♥t✉✲
✐t✐✈❡❧②✱ ✇❤❡♥ n→∞✱ ❢♦r ❡✈❡r② t②♣❡ x < 1 t❤❡r❡ ✐s ❛❧♠♦st s✉r❡❧② ❛ ❝❛♥❞✐❞❛t❡
✇✐t❤ ❛ ❤✐❣❤❡r t②♣❡✱ ❛♥❞ t❤✉s ❢♦r ❡✈❡r② x < 1 ✐t ✐s ♦♣t✐♠❛❧ ♥♦t t♦ t❛❦❡ t❤❡
t❡st✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠❛❦❡s ❛♥ ✐♥❢♦r♠❡❞
❞❡❝✐s✐♦♥ r❡♠❛✐♥s ❞✐st✐♥❝t ❢r♦♠ ③❡r♦ ❛♥❞ ❢r♦♠ ♦♥❡ ❡✈❡♥ ✇❤❡♥ n ✐s ✈❡r② ❧❛r❣❡✱
❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s✿
Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❤❡♥ n ❛♣♣r♦❛❝❤❡s ✐♥✜♥✐t②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♥❢♦r♠❡❞
❞❡❝✐s✐♦♥ ❛♣♣r♦❛❝❤❡s 1− c✳
■♥t✉✐t✐✈❡❧②✱ s✉♣♣♦s❡ t❤❛t F (b)n ❛♣♣r♦❛❝❤❡❞ 1 ❛s n → ∞✳ ❚❤❡♥ ✐♥ t❤❡
❧✐♠✐t t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ✇♦✉❧❞ ❡q✉❛❧
✶✶
❊ [x]✳ ❇✉t t❤❡♥ ❛♥② ❝❛♥❞✐❞❛t❡ ✇✐t❤ ❛ t②♣❡ ❛❜♦✈❡ ❊ [x] ✇♦✉❧❞ ✇✐♥ t❤❡ ♣r✐③❡
✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 ✐❢ ❤❡ t♦♦❦ t❤❡ t❡st✳ ❍❡♥❝❡✱ ❤❡ ✇♦✉❧❞ ❞❡✈✐❛t❡✱ ❝♦♥tr❛❞✐❝t✐♥❣
t❤❡ ✐♥✐t✐❛❧ ❛ss✉♠♣t✐♦♥✳
✹ ❯t✐❧✐t✐❡s ❛♥❞ ❲❡❧❢❛r❡
✹✳✶ ❊✛❡❝t ♦❢ ❈♦♠♣❡t✐t✐♦♥
❉♦❡s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❣❛✐♥ ❢r♦♠ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥❄ ■♥❝r❡❛s✐♥❣
n ❤❛s t✇♦ ❡✛❡❝ts ♦♥ ❤❡r ♣❛②♦✛✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✐♥❝❡ t❤❡ t②♣❡ ♦❢ ❡❛❝❤
❝❛♥❞✐❞❛t❡ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❞r❛✇ ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ F ✱ ✐♥❝r❡❛s✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❞r❛✇s ✐♥❝r❡❛s❡s t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ♦❢ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡✳ ■♥ ❛
♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥ s❡tt✐♥❣✱ t❤✐s ✇♦✉❧❞ ♠❛❦❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❜❡tt❡r ♦✛✳
❍♦✇❡✈❡r✱ ✇❤❡♥ c ✐s s♠❛❧❧✱ ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✲
✐❧✐t② t❤❛t ❡✈❡♥ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✳ ■❢ t❤❛t ❤❛♣♣❡♥s✱
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇✐❧❧ ❤❛✈❡ t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ ❛t r❛♥❞♦♠✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t t❤❡ ♣r✐③❡ ✇✐❧❧ ♥♦t ♥❡❝❡ss❛r✐❧② ❣♦ t♦ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡✳ ❚❤✐s ❝r❡❛t❡s ❛
♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ✉t✐❧✐t②✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ✜rst ❡✛❡❝t ❛❧✇❛②s ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞✱ ❛♥❞
❤❡♥❝❡ ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥ ✐s ❛❧✇❛②s ❜❡tt❡r ❢♦r t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✳
▲❡t v ❜❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1−F (b)n✱
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠❛❦❡s ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥✱ ❛♥❞ ❛❧❧♦❝❛t❡s t❤❡ ♣r✐③❡ t♦ t❤❡
❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st t②♣❡✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② F (b)n✱ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s
t❤❡ t❡st✱ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛❧❧♦❝❛t❡s t❤❡ ♣r✐③❡ t♦ ❛ r❛♥❞♦♠ ❝❛♥❞✐❞❛t❡✳
❍❡♥❝❡✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❡q✉❛❧s
v = [1− F (b)n]❊ [max {x} | max {x} > b] + F (b)n ❊ [x | x < b] ✭✷✮
■❢ c ≥ n
n−1
✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ n ≤ 1
1−c
✮✱ t❤❡♥ b = 1✱ ❛♥❞ t❤✉s v =
❊ [x]✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n✳ ■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡
t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❤❛s t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ ❛t r❛♥❞♦♠ r❡❣❛r❞❧❡ss ♦❢ n✳
❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ n > 1
1−c
✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ n str✐❝t❧② ✐♥❝r❡❛s❡s v✳ ❖t❤❡r✇✐s❡✱
❛♥ ✐♥❝r❡❛s❡ ✐♥ n ❤❛s ♥♦ ❡✛❡❝t ♦♥ v✳
❍❡♥❝❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥ ♠❛❦❡s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r str✐❝t❧② ❜❡t✲
t❡r ♦✛✱ ✉♥❧❡ss ♥♦ ❝❛♥❞✐❞❛t❡s t❛❦❡ t❤❡ t❡st ✭✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s
✶✷
♣❛②♦✛ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② n✮✳ ■♥t✉✐t✐✈❡❧②✱ ✇❤✐❧❡ ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ r❡❞✉❝❡
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♠❛❦❡s ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥✱ t❤✐s ❝❛♥
♦♥❧② ♦❝❝✉r ✇❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ✐s ❧♦✇✱ ❛s Pr♦♣♦s✐t✐♦♥ ✶ st❛t❡s✳ ❇✉t ✐❢ c
✐s ❧♦✇✱ t❤❡♥ s♦ ✐s F (b)✳ ❍❡♥❝❡✱ ❡❛❝❤ ♥❡✇ ❝❛♥❞✐❞❛t❡ ✐s ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st✱
s♦ t❤❡ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞r❛✇s ❢r♦♠ F ✐s ❧❛r❣❡✱
♦✉t✇❡✐❣❤✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t✳
✹✳✷ ❊✛❡❝t ♦❢ ❈♦st
❚❤❡ ❝♦st c ♦❢ t❤❡ t❡st ❝❛♥ ❛✛❡❝t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ✉t✐❧✐t② ❜② ❛✛❡❝t✐♥❣ b✱
❛♥❞ ❤❡♥❝❡ t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s r❡✈❡❛❧❡❞✳ ■❢ c > n−1
n
✱ t❤❡♥ b = 1✱
❛♥❞ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡ ✐♥ c ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✐t✳ ■❢ c < n−1
n
✱ t❤❡♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥
c ✐♥❝r❡❛s❡s b✱ ♠❛❦✐♥❣ ❝❛♥❞✐❞❛t❡s ❧❡ss ❧✐❦❡❧② t♦ r❡✈❡❛❧ t❤❡✐r t②♣❡s✱ ❛♥❞ ❤❡♥❝❡
r❡❞✉❝✐♥❣ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❡❞ ♣❛②♦✛✳
❲❤❛t ❛❜♦✉t ❝❛♥❞✐❞❛t❡s❄ ❙✐♥❝❡ ❝❛♥❞✐❞❛t❡s ❛r❡ s②♠♠❡tr✐❝✱ ❛ r❛♥❞♦♠❧②
s❡❧❡❝t❡❞ ❝❛♥❞✐❞❛t❡ ✇✐♥s t❤❡ ♣r✐③❡ ✇✐t❤ ❛♥ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t② ♦❢ 1
n
✳ ❲✐t❤
♣r♦❜❛❜✐❧✐t② 1 − F (b) ❤❡ ❛❧s♦ t❛❦❡s t❤❡ t❡st ❛♥❞ ♣❛②s t❤❡ ❝♦st c✳ ❚❤✉s✱ ❤✐s
♦✈❡r❛❧❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❡q✉❛❧s
u =
1
n
− c [1− F (b)] ✭✸✮
❚❤✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✹✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ c ❞❡❝r❡❛s❡s u ✐❢ c <
(
n−1
n
)n
✱ ✐♥❝r❡❛s❡s u ✐❢(
n−1
n
)n
< c < n−1
n
✱ ❛♥❞ ❞♦❡s ♥♦t ❛✛❡❝t u ✐❢ c > n−1
n
✳
❍❡♥❝❡✱ ♠❛❦✐♥❣ t❤❡ t❡st ♠♦r❡ ❝♦st❧② ❝❛♥ ✐♥❝r❡❛s❡ ❝❛♥❞✐❞❛t❡s✬ ❡①♣❡❝t❡❞
✉t✐❧✐t②✳ ❚❤✐s ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ♦❢ t❤❡ t❡st ❝♦st ✐s ♠♦❞❡r❛t❡❧② ❤✐❣❤✳
■♥t✉✐t✐✈❡❧②✱ ❢♦r ❝❛♥❞✐❞❛t❡s t❤❡ t❡st ✐s ❛ ❞❡❛❞✇❡✐❣❤t ❧♦ss ✕ ✐t ♦♥❧② s❡r✈❡s t♦
r❡❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡ ❜❡t✇❡❡♥ ❝❛♥❞✐❞❛t❡s ❛t ❛ ❝♦st t♦ t❤♦s❡ ✇❤♦ t❛❦❡ t❤❡ t❡st✳
■❢ c < n−1
n
✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ c ❤❛s t✇♦ ♦♣♣♦s✐t❡ ❡✛❡❝ts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜②
r❛✐s✐♥❣ t❤❡ t❤r❡s❤♦❧❞ b✱ ✐t r❡❞✉❝❡s t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ✇❤♦
t❛❦❡ t❤❡ t❡st✱ t❤✉s ✐♥❝r❡❛s✐♥❣ ❝❛♥❞✐❞❛t❡s✬ ✉t✐❧✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤♦s❡
❝❛♥❞✐❞❛t❡s ✇❤♦ ❞♦ t❛❦❡ t❤❡ t❡st ❤❛✈❡ t♦ ♣❛② ❛ ❤✐❣❤❡r ❝♦st✳ ■❢ c ✐s s✉✣❝✐❡♥t❧②
s♠❛❧❧✱ t❤❡♥ t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ c ♦♥ b ✐s s♠❛❧❧ ❛s ✇❡❧❧✱ s♦ t❤❡ s❡❝♦♥❞ ❡✛❡❝t
❞♦♠✐♥❛t❡s t❤❡ ✜rst✳ ❚❤❡ ♦♣♣♦s✐t❡ ✐s tr✉❡ ✇❤❡♥ c ✐s ♠♦❞❡r❛t❡❧② ❧❛r❣❡✳ ❋✐♥❛❧❧②✱
✐❢ c > n−1
n
✱ t❤❡♥ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ c ❤❛s ♥♦ ❡✛❡❝t✳
❙✐♥❝❡ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛❧✇❛②s ♣r❡❢❡rs ❛ ❧♦✇❡r ❝♦st ✉♥❧❡ss c > n−1
n
✱ t❤✐s
✐♠♣❧✐❡s t❤❛t ❧♦✇❡r✐♥❣ t❤❡ ❝♦st ✐♥❝r❡❛s❡s ✇❡❧❢❛r❡ ✐❢ c <
(
n−1
n
)n
✱ ❛♥❞ ❤❛s ♥♦
✶✸
❡✛❡❝t ♦♥ ✇❡❧❢❛r❡ ✐❢ c > n−1
n
✳ ❲❤❡♥ c ∈
((
n−1
n
)n
, n−1
n
)
✱ ❧♦✇❡r✐♥❣ t❤❡ ❝♦st
♠❛❦❡s ❝❛♥❞✐❞❛t❡s ✇♦rs❡ ♦✛ ❛♥❞ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❜❡tt❡r ♦✛✳
✺ ❖♣t✐♠❛❧✐t② ♦❢ ❱♦❧✉♥t❛r② ❉✐s❝❧♦s✉r❡
❈❛♥ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❝❤❛♥❣❡ t❤❡ r✉❧❡s ♦❢ t❤❡ ❣❛♠❡ t♦ ✐♥❝r❡❛s❡ ❤❡r ✇❡❧❢❛r❡❄
❆s ❜❡❢♦r❡✱ s✉♣♣♦s❡ t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❝❛♥♥♦t ❢❛✈♦✉r s♦♠❡ ❝❛♥❞✐❞❛t❡s
♦✈❡r ♦t❤❡rs✱ ❛♥❞ ❝❛♥❞✐❞❛t❡s ❝❛♥♥♦t ❝♦♠♠✉♥✐❝❛t❡ t♦ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♦t❤❡r
t❤❛♥ t❤r♦✉❣❤ t❤❡ t❡st✽✳ ❖♥❡ ♦♣t✐♦♥ t❤❛t ✐s ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r
✐s t♦ ❝♦♠♠✐t t♦ ♥❡✈❡r ❣✐✈❡ t❤❡ ♣r✐③❡ t♦ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡
t❡st✳ ❋♦r ❡①❛♠♣❧❡✱ ✉♥✐✈❡rs✐t✐❡s ❝❛♥ r❡q✉✐r❡ ❡✈❡r② ❛♣♣❧✐❝❛♥t t♦ t❛❦❡ t❤❡ t❡st
❢♦r ❤✐s ♦r ❤❡r ❛♣♣❧✐❝❛t✐♦♥ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❇② ♠❛❦✐♥❣ s✉❝❤ ❛ ❝♦♠♠✐t♠❡♥t✱
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r r❡❞✉❝❡s t❤❡ ♣❛②♦✛ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t♦
③❡r♦✳ ■s s✉❝❤ ❛ ❝♦♠♠✐t♠❡♥t ♦♣t✐♠❛❧❄
❇② ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ▲❡♠♠❛ ✶✱ ✇❤❡♥ t❡st✐♥❣ ✐s ♠❛♥❞❛t♦r②
❢♦r r❡❝❡✐✈✐♥❣ t❤❡ ♣r✐③❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❛ s✐♠✐❧❛r t❤r❡s❤♦❧❞ ❢♦r♠ t♦ t❤❡
♦♥❡ ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✿
▲❡♠♠❛ ✺✳ ❯♥❞❡r ♠❛♥❞❛t♦r② ❞✐s❝❧♦s✉r❡✱ ❛t ❡✈❡r② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱
t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ bˆ ∈ [0, 1] s✉❝❤ t❤❛t h (x) = 1 ❢♦r ❛❧❧ x > bˆ✱ ❛♥❞
Pr
[
h (x) > 0 | x < bˆ
]
= 0✳
❆t t❤❡ t❤r❡s❤♦❧❞✱ ❛ ❝❛♥❞✐❞❛t❡ r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ F
(
bˆ
)n−1
− c ✐❢ ❤❡ t❛❦❡s
t❤❡ t❡st✳ ❙✐♥❝❡ ❤❡ ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ t❛❦✐♥❣ ❛♥❞ ♥♦t t❛❦✐♥❣ t❤❡ t❡st✱ t❤❡
❡q✉✐❧✐❜r✐✉♠ t❤r❡s❤♦❧❞ ✐s ❣✐✈❡♥ ❛s
F
(
bˆ
)
= c
1
n−1
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t F
(
bˆ
)
❛♥❞ F
(
bˆ
)n
= c
n
n−1 ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ n
❢♦r ❛♥② c ∈ (0, 1)✳ ❚❤✉s✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❝♦♠♠✐t♠❡♥t✱ ✉♥❞❡r
♠❛♥❞❛t♦r② ❞✐s❝❧♦s✉r❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥ ❤❛s ❛ ♠♦♥♦t♦♥❡ ❡✛❡❝t ♦♥
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✱ ❛♥❞ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥
✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥✳
✽■❢ ✐❢ ❝♦st❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛♥❞ ❝❛♥❞✐❞❛t❡s ✐s ♣♦ss✐❜❧❡✱
t❤❡♥ ♦♥❡ ♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇♦✉❧❞ ❜❡ t♦ ❛s❦ ❛❧❧ ❝❛♥❞✐❞❛t❡s
t♦ r❡♣♦rt t❤❡✐r t②♣❡s✱ ❛♥❞ t❤❡♥ ❛s❦ t❤❡ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st r❡♣♦rt❡❞ t②♣❡ t♦ t❛❦❡
t❤❡ t❡st✱ ♣r♦♠✐s✐♥❣ t♦ ❣✐✈❡ ❤✐♠ t❤❡ ♣r✐③❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ t❡st ❝♦♥✜r♠s t❤❡ t②♣❡✳
✶✹
❙✐♥❝❡ t❤❡ ♣❛②♦✛ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ✐s ③❡r♦ ✉♥❞❡r
♠❛♥❞❛t♦r② t❡st✐♥❣✱ ❛♥❞ ♣♦s✐t✐✈❡ ✇✐t❤♦✉t ✐t✱ ♠❛♥❞❛t♦r② t❡st✐♥❣ ✐♥❝r❡❛s❡s t❤❡
✐♥❝❡♥t✐✈❡ ♦❢ ❝❛♥❞✐❞❛t❡s t♦ t❛❦❡ t❤❡ t❡st✳ ❍❡♥❝❡✱ F
(
bˆ
)
< F (b)✱ s♦ ❛ ❣✐✈❡♥
❝❛♥❞✐❞❛t❡ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ ❞✐s❝❧♦s✉r❡ ✐s ♠❛♥❞❛t♦r②✳
■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✕ t❤❛t ✐s✱ ✉♥❞❡r ✈♦❧✉♥t❛r② t❡st✐♥❣ ✕ t❤❡ ❡①♣❡❝t❡❞
♣❛②♦✛ ♦❢ ❛ r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ❝❛♥❞✐❞❛t❡ ✐s ❣✐✈❡♥ ❜② ✭✸✮✳ ❯♥❞❡r ♠❛♥❞❛t♦r②
t❡st✐♥❣✱ ✐t ❡q✉❛❧s 1
n
− c
[
1− F
(
bˆ
)]
✳ ❙✐♥❝❡ F
(
bˆ
)
< F (b)✱ ♠❛♥❞❛t♦r② t❡st✐♥❣
r❡❞✉❝❡s t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❛ r❛♥❞♦♠ ❝❛♥❞✐❞❛t❡✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❡
s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✷✿ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ✐s ❛ ❞❡❛❞✇❡✐❣❤t ❧♦ss✱ ❛♥❞ ♠❛❦✐♥❣
❝❛♥❞✐❞❛t❡s ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ ✐t r❡❞✉❝❡s t❤❡✐r ✉t✐❧✐t②✳
❲❤❛t ❛❜♦✉t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ♣❛②♦✛❄ ❲✐t❤♦✉t ❝♦♠♠✐t♠❡♥t✱ ✐t ✐s
❣✐✈❡♥ ❜② ✭✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ t❡st ✐s ♠❛♥❞❛t♦r②✱ t❤❡ ❞❡❝✐s✐♦♥✲
♠❛❦❡r✬s ♣❛②♦✛ ❡q✉❛❧s t❤❡ t②♣❡ ♦❢ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡ ✐❢ t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡
t❛❦❡s t❤❡ t❡st✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − F
(
bˆ
)n
✳ ■❢ t❤❡ ❜❡st ❝❛♥✲
❞✐❞❛t❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ♣❛②♦✛ ✐s ③❡r♦✳ ▲❡t vˆ ❜❡
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ♣❛②♦✛ ✉♥❞❡r ♠❛♥❞❛t♦r② t❡st✐♥❣✳ ■t ❡q✉❛❧s
vˆ =
[
1− F
(
bˆ
)n]
❊
[
max {x} | max {x} > bˆ
]
✭✹✮
■s t❤✐s ❧❛r❣❡r t❤❛♥ v ✕ t❤❛t ✐s✱ ✐s t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❜❡tt❡r ♦✛ ✉♥❞❡r
♠❛♥❞❛t♦r② t❡st✐♥❣ t❤❛♥ ✉♥❞❡r ✈♦❧✉♥t❛r② t❡st✐♥❣❄ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ❞❡♣❡♥❞s
♦♥ t❤❡ s❤❛♣❡ ♦❢ F ✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r ❛♥② F ✱ t❤❡r❡ ❡①✐sts ❛ ❝✉t♦✛
s✉❝❤ t❤❛t ✇❤❡♥❡✈❡r n ✐s ❧❛r❣❡r t❤❛♥ t❤❛t ❝✉t♦✛✱ ✈♦❧✉♥t❛r② t❡st✐♥❣ ✐s ❜❡tt❡r
❢♦r t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✱ ❛♥❞ ❤❡♥❝❡ ✭s✐♥❝❡ ❝❛♥❞✐❞❛t❡s ❛❧✇❛②s ♣r❡❢❡r ✈♦❧✉♥t❛r②
t❡st✐♥❣✮ ✐s ❜❡tt❡r ❢♦r ❛❧❧ ♣❧❛②❡rs✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r ❛❧❧ c > 0✱ ❛♥❞ ❛♥② F ✱ t❤❡r❡ ❡①✐sts n¯ s✉❝❤ t❤❛t ✈♦❧✉♥t❛r②
t❡st✐♥❣ str✐❝t❧② P❛r❡t♦✲❞♦♠✐♥❛t❡s ♠❛♥❞❛t♦r② t❡st✐♥❣ ❢♦r ❛❧❧ n ≥ n¯✳
■♥t✉✐t✐✈❡❧②✱ ❛ ❝♦♠♠✐t♠❡♥t t♦ ♦♥❧② s❡❧❡❝t t❤❡ ✇✐♥♥❡r ❢r♦♠ ❝❛♥❞✐❞❛t❡s ✇❤♦
t♦♦❦ t❤❡ t❡st ❤❛s t✇♦ ❡✛❡❝ts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✐♥❝❡ ❝❛♥❞✐❞❛t❡s ❜❡❝♦♠❡
♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st✱ ♠❛♥❞❛t♦r② t❡st✐♥❣ ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡ r❡✈❡❛❧s ❤✐s t②♣❡✳ ❍❡♥❝❡✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✐s ♠♦r❡ ❧✐❦❡❧②
t♦ ♠❛❦❡ ❛♥ ✐♥❢♦r♠❡❞ ❞❡❝✐s✐♦♥✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ❤❡r ❡①♣❡❝t❡❞ ♣❛②♦✛✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐♥ t❤❡ ❡✈❡♥t t❤❛t ♥♦❜♦❞② t❛❦❡s t❤❡ t❡st✱ t❤✐s ❝♦♠♠✐t♠❡♥t ❧❡❛✈❡s
t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✉♥❛❜❧❡ t♦ ❛❧❧♦❝❛t❡ t❤❡ ♣r✐③❡✱ r❡❞✉❝✐♥❣ ❤❡r ♣❛②♦✛✳
❍♦✇❡✈❡r✱ ✐❢ n ✐s ❧❛r❣❡✱ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❛❦❡ t❤❡ t❡st ✐s
✉♥❧✐❦❡❧② t♦ ✇✐♥ t❤❡ ♣r✐③❡ ❡✈❡♥ ✇✐t❤♦✉t ❝♦♠♠✐t♠❡♥t✳ ❚❤✉s✱ ❤✐s ❡①♣❡❝t❡❞
✶✺
♣❛②♦✛ F (b)n−1 1
n
= c
n−1
✐s ❝❧♦s❡ t♦ ③❡r♦✱ t❤❛t ✐s✱ ❝❧♦s❡ t♦ t❤❡ ♣❛②♦✛ ♦❢ ❛
❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ✉♥❞❡r ♠❛♥❞❛t♦r② t❡st✐♥❣✳ ❍❡♥❝❡✱ t❤❡
✜rst ❡✛❡❝t ♦❢ ❝♦♠♠✐t♠❡♥t ✐s s♠❛❧❧ ✇❤❡♥ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ t❤❡ s❡❝♦♥❞✱ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦❢ ❝♦♠♠✐t♠❡♥t r❡♠❛✐♥s ❧❛r❣❡✿ ❡✈❡♥ ❛s n→
∞✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st r❡♠❛✐♥s str✐❝t❧② ♣♦s✐t✐✈❡✱
❛s Pr♦♣♦s✐t✐♦♥ ✷ ❤❛s ❡st❛❜❧✐s❤❡❞✳ ❚❤✉s✱ t❤❡ ♦✈❡r❛❧❧ ❣❛✐♥ ❢r♦♠ t❤❡ ❝♦♠♠✐t♠❡♥t
✐s ♥❡❣❛t✐✈❡ ✇❤❡♥ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳
❚❤❡ s✐③❡ ♦❢ t❤❡ ❝✉t♦✛ ❛❜♦✈❡ ✇❤✐❝❤ ✈♦❧✉♥t❛r② t❡st✐♥❣ P❛r❡t♦✲❞♦♠✐♥❛t❡s
♠❛♥❞❛t♦r② t❡st✐♥❣ ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢ F ✳ ■♥ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡♥
F ✐s ✉♥✐❢♦r♠✱ t❤❡ ❝✉t♦✛ ✐s ❢❛✐r❧② ❧♦✇✱ ❛s t❤❡ ♥❡①t r❡s✉❧t s❤♦✇s✿
❈♦r♦❧❧❛r② ✶✳ ■❢ F ✐s ✉♥✐❢♦r♠✱ t❤❡♥ ✈♦❧✉♥t❛r② t❡st✐♥❣ str✐❝t❧② P❛r❡t♦✲❞♦♠✐♥❛t❡s
♠❛♥❞❛t♦r② t❡st✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≥ 3✳
❘❡❝❛❧❧ t❤❛t ❜② ❛ss✉♠♣t✐♦♥✱ n ≥ 2✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t②♣❡s
✐s ✉♥✐❢♦r♠✱ ❦❡❡♣✐♥❣ t❤❡ t❡st ✈♦❧✉♥t❛r② ✐s ❜❡tt❡r ✇❤❡♥❡✈❡r t❤❡ ♥✉♠❜❡r ♦❢
❝❛♥❞✐❞❛t❡s ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ♠✐♥✐♠✉♠✳
✻ ◆♦✐s② ❚❡st
❙♦ ❢❛r ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t t❤❡ t❡st ♣❡r❢❡❝t❧② r❡✈❡❛❧s t❤❡ ❝❛♥❞✐❞❛t❡✬s t②♣❡✳
❙✉♣♣♦s❡✱ ❤♦✇❡✈❡r✱ t❤❛t t❤❡ t❡st ✐s ✐♠♣❡r❢❡❝t✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ st✉❞❡♥t ❛♣✲
♣❧②✐♥❣ ❢♦r ❛ s❝❤♦❧❛rs❤✐♣ ❝❛♥ t❛❦❡ ❛ st❛♥❞❛r❞✐s❡❞ t❡st✱ ❜✉t t❤❡ t❡st ❝❛♥ ❜❡
❛ ♥♦✐s② s✐❣♥❛❧ ♦❢ ❤✐s ❛❜✐❧✐t②✳ ❙✐♠✐❧❛r❧②✱ ❛♥ ❡❧❡❝t✐♦♥ ❝❛♥❞✐❞❛t❡ ♠❛② ✐♥✈❡st ✐♥
❝❛♠♣❛✐❣♥✐♥❣ t♦ ✐♥❢♦r♠ ✈♦t❡rs ❛❜♦✉t ❤✐s ❝♦♠♣❡t❡♥❝❡✱ ❜✉t ♠❡❞✐❛ r❡♣♦rt✐♥❣ ❝❛♥
❛❞❞ ♥♦✐s❡ t♦ ❤❡r ♠❡ss❛❣❡✳
❙♣❡❝✐✜❝❛❧❧②✱ s✉♣♣♦s❡ t❤❛t r❛t❤❡r t❤❛♥ r❡✈❡❛❧✐♥❣ ❝❛♥❞✐❞❛t❡ i✬s t②♣❡ xi✱ t❤❡
t❡st r❡✈❡❛❧s ❛ t❡st s❝♦r❡ si = xi + zi✱ ✇❤❡r❡ zi ✐s ♥♦✐s❡✳ ❲❤❡♥ ❛ ❝❛♥❞✐❞❛t❡
❞❡❝✐❞❡s t♦ t❛❦❡ t❤❡ t❡st✱ ❤❡ ❦♥♦✇s ❤✐s t②♣❡ xi✱ ❜✉t ♥♦t t❤❡ r❡❛❧✐s❛t✐♦♥ ♦❢ t❤❡
♥♦✐s❡✳ ❆❢t❡r ❝❛♥❞✐❞❛t❡ i t❛❦❡s t❤❡ t❡st✱ ♥❛t✉r❡ ❞r❛✇s zi ❢r♦♠ s♦♠❡ ❞✐str✐❜✉t✐♦♥
G ✇✐t❤ s♠♦♦t❤ ❧♦❣❝♦♥❝❛✈❡ ❞❡♥s✐t② g t❤❛t ❤❛s ❢✉❧❧ s✉♣♣♦rt ♦♥ R✳ ❉✐✛❡r❡♥t
❝❛♥❞✐❞❛t❡s✬ ♥♦✐s❡ r❡❛❧✐s❛t✐♦♥s ❛r❡ ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧②✳
❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♣r❡❢❡rs ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ ❛ ❤✐❣❤❡r
t❡st s❝♦r❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r♦✈❡s t❤❛t ✇❤❡♥ g ✐s ❧♦❣❝♦♥❝❛✈❡✱
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s | x s❛t✐s✜❡s t❤❡ ♠♦♥♦t♦♥❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ❝♦♥❞✐t✐♦♥
✭▼✐❧❣r♦♠✱ ✶✾✽✶✮✱ ❛♥❞ ❤❡♥❝❡ ❛ ❤✐❣❤❡r s❝♦r❡ ✐s ❛ ♠♦r❡ ❢❛✈♦✉r❛❜❧❡ s✐❣♥❛❧ ❛❜♦✉t
t❤❡ ❝❛♥❞✐❞❛t❡✬s t②♣❡✿
✶✻
▲❡♠♠❛ ✻✳ ■❢ ❝❛♥❞✐❞❛t❡s i ❛♥❞ j t❛❦❡ t❤❡ t❡st✱ ❛♥❞ si > sj✱ t❤❡♥ t❤❡ ❞❡❝✐s✐♦♥✲
♠❛❦❡r ❤❛s ❛ ❤✐❣❤❡r ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ❣✐✈✐♥❣ t❤❡ ♣r✐③❡ t♦ ❝❛♥❞✐❞❛t❡ i t❤❡♥
t♦ ❝❛♥❞✐❞❛t❡ j✳
❚❤❡♥ ✇❡ ❝❛♥ s❤♦✇ t❤❛t✱ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s②♠✲
♠❡tr✐❝ str❛t❡❣② ✐s ♦❢ ❛ t❤r❡s❤♦❧❞ ❢♦r♠✿
▲❡♠♠❛ ✼✳ ❆t ❡✈❡r② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ ❢♦r ❛♥② G✱ t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞
b ∈ [0, 1] s✉❝❤ t❤❛t h (x) = 1 ❢♦r ❛❧❧ x > b✱ ❛♥❞ h (x) = 0 ❢♦r ❛❧❧ x < b✳
■❢ b = 1✱ ♥♦❜♦❞② t❛❦❡s t❤❡ t❡st✳ ❈♦♥s✐❞❡r ✐♥st❡❛❞ t❤❡ ❝❛s❡ ✇❤❡♥ b < 1✳ ■❢
❛ ❝❛♥❞✐❞❛t❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❦♥♦✇s t❤❛t ❤✐s t②♣❡
✐s ❜❡❧♦✇ b❀ ✇❤✐❧❡ ✐❢ ❤❡ t❛❦❡s t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❦♥♦✇s t❤❛t ❤✐s t②♣❡
✐s ❛❜♦✈❡ b✳ ❚❤✉s✱ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ❝❛♥ ♥❡✈❡r ✇✐♥ ♦✈❡r
❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ t❛❦❡s ✐t✳ ■❢ t✇♦ ♦r ♠♦r❡ ❝❛♥❞✐❞❛t❡s t❛❦❡ t❤❡ t❡st✱ ▲❡♠♠❛ ✻
❡♥s✉r❡s t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇✐❧❧ ❣✐✈❡ t❤❡ ♣r✐③❡ t♦ t❤❡ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤❡
❤✐❣❤❡st t❡st s❝♦r❡✳
❇② ✈❛r②✐♥❣ G✱ ✇❡ ❝❛♥ ✈❛r② ❤♦✇ ♥♦✐s② t❤❡ t❡st ✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r ❛
❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠ Gλ (z) ≡ G (λz) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ λ ∈
(0,+∞)✳ ■♥❝r❡❛s✐♥❣ ✭❞❡❝r❡❛s✐♥❣✮ λ ♠❛❦❡s t❤❡ ♥♦✐s❡ ♠♦r❡ ✭❧❡ss✮ ❝♦♥❝❡♥tr❛t❡❞
❛r♦✉♥❞ ③❡r♦✱ ❛♥❞ ❤❡♥❝❡ ♠❛❦❡s t❤❡ t❡st ❧❡ss ✭♠♦r❡✮ ♥♦✐s②✾✳ ❍♦✇ ❞♦❡s ❛ ❝❤❛♥❣❡
✐♥ λ ❛✛❡❝t t❤❡ ❡q✉✐❧✐❜r✐✉♠❄
■t t✉r♥s ♦✉t t❤❛t ❝❛♥❞✐❞❛t❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ t❤❡ t❡st
✐s ♥♦✐s✐❡r✳ ❋♦r♠❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✻✳ ❋♦r ❛♥② F ❛♥❞ G✱ ❛♥❞ ❛♥② ✈❛❧✉❡s ♦❢ n ❛♥❞ c✱ ❞❡❝r❡❛s✐♥❣ λ
❞❡❝r❡❛s❡s b✳
❚♦ s❡❡ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s r❡s✉❧t✱ t❛❦❡ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ✐s ♥♦
♥♦✐s❡✱ ❛♥❞ ❝♦♥s✐❞❡r ❝❛♥❞✐❞❛t❡ i ✇❤♦s❡ t②♣❡ ❡q✉❛❧s b✳ ■❢ i t❛❦❡s t❤❡ t❡st✱ ❤❡
✇✐♥s t❤❡ ♣r✐③❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ ♦t❤❡r ❝❛♥❞✐❞❛t❡s ❤❛✈❡ t②♣❡s ❜❡❧♦✇ b✱ ❛♥❞
❞♦♥✬t t❛❦❡ t❤❡ t❡st✳ ◆♦✇ ♠❛❦❡ t❤❡ t❡st ♥♦✐s②✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t b ✇❡r❡ ❤❡❧❞
❝♦♥st❛♥t✳ ■❢ i t❛❦❡s t❤❡ t❡st✱ ❤❡ st✐❧❧ ✇✐♥s ♦✈❡r ❛♥②♦♥❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ ✐t✱
s✐♥❝❡ ♥♦t t❛❦✐♥❣ t❤❡ t❡st r❡✈❡❛❧s t❤❛t ♦♥❡✬s t②♣❡ ✐s ❜❡❧♦✇ b✳ ❇✉t ♥♦✇ i ❝❛♥
❛❧s♦ ✇✐♥ ♦✈❡r ❛ ❝♦♠♣❡t✐t♦r ✇❤♦ ❤❛s ❛ ❤✐❣❤❡r t②♣❡✱ ✐❢ t❤❛t ❝♦♠♣❡t✐t♦r t❛❦❡s
t❤❡ t❡st ❛♥❞ r❡❝❡✐✈❡s ❛ ❧♦✇❡r s❝♦r❡ t❤❛♥ i✳ ❍❡♥❝❡✱ i✬s ❝❤❛♥❝❡ ♦❢ ✇✐♥♥✐♥❣ t❤❡
♣r✐③❡ ❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st ✐♥❝r❡❛s❡s✳ ❚❤✉s✱ i ❜❡❝♦♠❡s ♠♦r❡ ✇✐❧❧✐♥❣ t♦ t❛❦❡
t❤❡ t❡st✱ ❛♥❞ t❤❡ t❤r❡s❤♦❧❞ b ❞❡❝r❡❛s❡s✳
✾❋♦r ❡①❛♠♣❧❡✱ ✐❢ G ✐s ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ t❤❡♥ λ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥✈❡rs❡ ♦❢ ✐ts
✈❛r✐❛♥❝❡✳
✶✼
❚❤✉s✱ ❝❛♥❞✐❞❛t❡s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ t❤❡ t❡st ✐s ❧❡ss
✐♥❢♦r♠❛t✐✈❡✳ ❖♥❡ ❝♦✉❧❞ t❤✐♥❦ t❤❛t ❛s λ → 0 ✭✐✳❡✳ ❛s t❤❡ t❡st ❜❡❝♦♠❡s
✏✐♥✜♥✐t❡❧② ♥♦✐s②✑✮✱ t❤❡ t❡st ❝❡❛s❡s t♦ ❝❛rr② ❛♥② ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ❝❛♥❞✐❞❛t❡s
s❤♦✉❧❞ ❜❡ ✉♥✇✐❧❧✐♥❣ t♦ t❛❦❡ ✐t✳ ❍♦✇❡✈❡r✱ t❤✐s ♦♥❧② ❤❛♣♣❡♥s ✐♥ t❤❡ ❧✐♠✐t ✕ ❢♦r
❛♥② ♣♦s✐t✐✈❡ λ✱ ❛ ❤✐❣❤❡r t❡st s❝♦r❡ st✐❧❧ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡ ❤❛s ❛
❤✐❣❤❡r t②♣❡✳ ❍❡♥❝❡✱ ❛ λ→ 0✱ ❛❧♦♥❣ t❤❡ s❡q✉❡♥❝❡ ❝❛♥❞✐❞❛t❡s ✇✐t❤ s✉✣❝✐❡♥t❧②
❤✐❣❤ t②♣❡s ♣r❡❢❡r t♦ t❛❦❡ ✐t✳
❙✐♥❝❡ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ✐s ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥ ✐t ✐s ♥♦✐s✐❡r✱
❣r❡❛t❡r ♥♦✐s❡ ✐♥❝r❡❛s❡s ❛❣❣r❡❣❛t❡ ❡①♣❡♥❞✐t✉r❡ ♦♥ t❤❡ t❡st✱ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t st❛t❡s✿
❈♦r♦❧❧❛r② ✷✳ ❊①♣❡❝t❡❞ t♦t❛❧ s♣❡♥❞✐♥❣ ♦♥ t❤❡ t❡st ✐♥❝r❡❛s❡s ✐❢ λ ❞❡❝r❡❛s❡s✳
❚❤✉s✱ ✐❢ t❤❡ t❡st ✐s r✉♥ ❜② ❛ ♠♦♥♦♣♦❧✐st ✭❛s ✐s✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ●❘❊✮
❛♥❞ ✐ts ♣r✐❝❡ ✐s ✜①❡❞✱ t❤❡ ♠♦♥♦♣♦❧✐st ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ♠❛❦❡ t❤❡ t❡st ❧❡ss
♣r❡❝✐s❡✳
✼ ❊①t❡♥s✐♦♥s
✼✳✶ ❆s②♠♠❡tr✐❝ ❊q✉✐❧✐❜r✐❛
❚❤❡ ♣r❡✈✐♦✉s ❛♥❛❧②s✐s ❤❛s ❢♦❝✉s❡❞ ♦♥ ❡q✉✐❧✐❜r✐❛ t❤❛t ❛r❡ s②♠♠❡tr✐❝ ✐♥ t❤❡
s❡♥s❡ t❤❛t ❛❧❧ ❝❛♥❞✐❞❛t❡s ❤❛✈❡ t❤❡ s❛♠❡ ❝✉t♦✛ b t❤❛t ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r ❛
❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✳ ❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❞✐s❝✉ss ❡q✉✐❧✐❜r✐❛ t❤❛t ❝❛♥ ❡♠❡r❣❡
✐❢ ❝❛♥❞✐❞❛t❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❤❛✈❡ ❛s②♠♠❡tr✐❝ t❤r❡s❤♦❧❞s✳
❈♦♥s✐❞❡r ❛♥ str❛t❡❣② ♣r♦✜❧❡ ❣✐✈❡♥ ❜② T ❞✐✛❡r❡♥t t❤r❡s❤♦❧❞s bt✱ ✇✐t❤ b1 <
b2... < bT ✳ ❋♦r ❡❛❝❤ t ∈ {1, 2, ...T}✱ ❧❡t kt ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s t❤❛t
❛❝t ❛❝❝♦r❞✐♥❣ t♦ t❤r❡s❤♦❧❞ bt ✭t❤❛t ✐s✱ t❛❦❡ t❤❡ t❡st ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡✐r t②♣❡ ✐s
❛❜♦✈❡ bt✮✱ ✇✐t❤
∑T
t=1 kt = n✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ❧❛r❣❡ s❡t ♦❢ s✉❝❤ ❡q✉✐❧✐❜r✐❛ ❡①✐sts✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❛❧❧ ♦❢ t❤❡♠ ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿
Pr♦♣♦s✐t✐♦♥ ✼✳ ❆♥② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛s②♠♠❡tr✐❝ t❤r❡s❤♦❧❞s {bt}
T
t=1 ❤❛s T ≤
3✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ T = 3✱ t❤❡♥ k1 = 1✳
❍❡♥❝❡✱ ✇❤✐❧❡ ♠✉❧t✐♣❧❡ ❛s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐❛ ❛r❡ ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡✱ Pr♦✲
♣♦s✐t✐♦♥ ✼ s❤♦✇s t❤❛t ✐♥ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❛s②♠♠❡tr✐❝ t❤r❡s❤♦❧❞s✱ ❝❛♥✲
❞✐❞❛t❡s ❢♦❧❧♦✇ ❡✐t❤❡r t✇♦ ♦r t❤r❡❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❛♥② s✉❝❤
❡q✉✐❧✐❜r✐✉♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❤❛♣❡✿ s♦♠❡ ❝❛♥❞✐❞❛t❡s ❤❛✈❡ ❛ ❤✐❣❤ t❤r❡s❤♦❧❞
b3✱ s♦♠❡ ♦t❤❡r ❝❛♥❞✐❞❛t❡s ❤❛✈❡ ♠❡❞✐✉♠ t❤r❡s❤♦❧❞ b2✱ ❛♥❞ ❛t ♠♦st ♦♥❡ ❝❛♥✲
❞✐❞❛t❡ ❤❛s ❛ ❧♦✇ t❤r❡s❤♦❧❞ b1✳
✶✽
✼✳✷ ❍❡t❡r♦❣❡♥❡♦✉s ❈♦sts
❚❤❡ ❜❛s✐❝ ♠♦❞❡❧ ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦st ♦❢ t❛❦✐♥❣ t❤❡ t❡st ✐s t❤❡ s❛♠❡ ❢♦r
❛❧❧ ❝❛♥❞✐❞❛t❡s✳ ❚❤✐s s❡❝t✐♦♥ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❜❛s✐❝ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r
❛❧s♦ ❤♦❧❞ ✇❤❡♥ t❤❡ ❝♦st ✐s ❛❧❧♦✇❡❞ t♦ ❞❡♣❡♥❞ ♦♥ ❝❛♥❞✐❞❛t❡✬s t②♣❡✳ ❋♦r ❛
s♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥✱ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ st✉❞❡♥ts ❝♦♠♣❡t✐♥❣ ❢♦r ❛
s❝❤♦❧❛rs❤✐♣✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ❡✛♦rt r❡q✉✐r❡❞ t♦ t❛❦❡ t❤❡ t❡st ✐s ❤✐❣❤❡r
✇❤❡♥ t❤❡ ❛♣♣❧✐❝❛♥t✬s ❛❜✐❧✐t② ✐s ❧♦✇❡r✳
❋♦r♠❛❧❧②✱ s✉♣♣♦s❡ t❤❛t ❢♦r ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x✱ t❤❡ ❝♦st ♦❢ t❛❦✐♥❣
t❤❡ t❡st ✐s c (x) ∈ [c, c]✱ ✇❤❡r❡ 0 < c < c < 1✳ ▲❡t c (x) ❜❡ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t②♣❡✳ ❚❤✉s✱ t❤❡ ❝♦st ✐s ❧♦✇❡r ❢♦r
❝❛♥❞✐❞❛t❡s ✇✐t❤ ❤✐❣❤❡r t②♣❡s✳
❆s ❜❡❢♦r❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐s ♦❢ t❤r❡s❤♦❧❞
❢♦r♠✿
▲❡♠♠❛ ✽✳ ❆t ❡✈❡r② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ b ∈ (0, 1]
s✉❝❤ t❤❛t h (x) = 1 ❢♦r ❛❧❧ x > b✱ ❛♥❞ h (x) = 0 ❢♦r ❛❧❧ x < b✳
■❢ t❤❡ t❡st ✐s ♥♦t ♠❛♥❞❛t♦r②✱ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ b r❡❝❡✐✈❡s ❛♥ ❡①♣❡❝t❡❞
♣❛②♦✛ ♦❢ F (b)n−1 − c (b) ✐❢ ❤❡ t❛❦❡s t❤❡ t❡st✱ ❛♥❞ F (b)n−1 1
n
✐❢ ❤❡ ❞♦❡s ♥♦t✳
■❢ b < 1✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥
F (b) =
[
c (b)n
n− 1
] 1
n−1
✭✺✮
❚❤✐s ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥❡✈❡r c (1) = c ≤ n−1
n
✳ ■❢ c > n−1
n
✱ t❤❡♥
F (b)n−1 − c (b) < F (b)n−1 1
n
❢♦r ❛❧❧ b✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❣✐✈❡♥
❜② b = 1✳ ◆♦t❡ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✺✮ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ b✱ ❛♥❞ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ b ✕ ❤❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✐q✉❡✳
❚❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡s ♦♥ ✐♥❢♦r♠❛t✐♦♥ r❡✈❡❧❛✲
t✐♦♥ ✐s t❤❡♥ ❝❛♣t✉r❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
Pr♦♣♦s✐t✐♦♥ ✽✳ ❙✉♣♣♦s❡ t❤❛t c < n−1
n
✳ ❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ b ✐s ✐♥❝r❡❛s✐♥❣ ✐♥
n ✐❢ ❛♥❞ ♦♥❧② ✐❢ c (b) < n−1
n
e−
1
n ✳
❚♦ ✐♥t❡r♣r❡t t❤✐s r❡s✉❧t✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ c ✐s ❧♦✇✱ ❛♥❞ ❤❡♥❝❡ t❤❡ t❡st
✐s ❝❤❡❛♣ ✭r❡❧❛t✐✈❡ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r✐③❡✮ ❡✈❡♥ ❢♦r ❝❛♥❞✐❞❛t❡s ✇✐t❤ ❧♦✇ t②♣❡✳
■♥ ♣❛rt✐❝✉❧❛r✱ s✉♣♣♦s❡ t❤❛t c < n−1
n
e−
1
n ✳ ❙✐♥❝❡ c (b) ≤ c✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡
♣r♦♣♦s✐t✐♦♥ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ db
dn
> 0✱ ❛♥❞ ❤❡♥❝❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❡t✐t✐♦♥
r❡❞✉❝❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❣✐✈❡♥ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✳ ❖♥ t❤❡ ♦t❤❡r
✶✾
❤❛♥❞✱ s✉♣♣♦s❡ t❤❛t c ✐s ❤✐❣❤✱ ❛♥❞ ❤❡♥❝❡ t❤❡ t❡st ✐s ❝♦st❧② ❢♦r ❛❧❧ ❝❛♥❞✐❞❛t❡s✳
■❢ c > n−1
n
e−
1
n t❤❡♥✱ s✐♥❝❡ c (b) ≥ c✱ ✇❡ ❤❛✈❡ db
dn
≤ 0✱ ❛♥❞ t❤✉s ❛♥ ✐♥❝r❡❛s❡ ✐♥
❝♦♠♣❡t✐t✐♦♥ ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❣✐✈❡♥ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✳
❍❡♥❝❡✱ t❤❡ ❜❛s✐❝ ❧♦❣✐❝ ♦❢ t❤❡ r❡s✉❧ts ❢r♦♠ ❙❡❝t✐♦♥ ✸ ✕ t❤❛t ❝♦♠♣❡t✐t✐♦♥ ✐♥✲
❝r❡❛s❡s ✭r❡❞✉❝❡s✮ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✇❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ✐s r❡❧❛t✐✈❡❧②
❤✐❣❤ ✭❧♦✇✮ ❤♦❧❞s ✇❤❡♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ✐s ❤❡t❡r♦❣❡♥❡♦✉s✳
❲❤❛t ✐❢ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❝♦♠♠✐ts ♥♦t t♦ ❣✐✈❡ t❤❡ ♣r✐③❡ t♦ ❛♥②♦♥❡ ✇❤♦
❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st❄ ❆s ❜❡❢♦r❡✱ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦
❞♦❡s ♥♦t t❛❦❡ ✐t ❡q✉❛❧s ③❡r♦✱ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤r❡s❤♦❧❞ bˆ ✐s ❣✐✈❡♥ ❜②
F
(
bˆ
)
= c
(
bˆ
) 1
n−1
❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t✱ ❛s ❜❡❢♦r❡✱ b > bˆ✳ ❚♦ s❡❡ t❤❛t✱ ❞❡✜♥❡ z (x) ≡ F (x)
n−1
c(x)
✳
❚❤❡♥ z (b) = n
n−1
> 1 = z
(
bˆ
)
✳ ❙✐♥❝❡ z (·) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ t❤✐s
✐♠♣❧✐❡s t❤❛t b > bˆ✳
●✐✈❡♥ t❤✐s✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✬s ❡①♣❡❝t❡❞ ❣❛✐♥ ❢r♦♠
♠❛❦✐♥❣ t❤❡ t❡st ♠❛♥❞❛t♦r② ✐s ♥❡❣❛t✐✈❡ ✇❤❡♥ ❝♦♠♣❡t✐t✐♦♥ ✐s s✉✣❝✐❡♥t❧② str♦♥❣✳
Pr♦♣♦s✐t✐♦♥ ✾✳ ❋♦r ❛❧❧ c (·)✱ ❛♥❞ ❛♥② F ✱ t❤❡r❡ ❡①✐sts n¯ s✉❝❤ t❤❛t v > vˆ ❢♦r
❛❧❧ n ≥ n¯✳
❍❡♥❝❡✱ t❤❡ r❡s✉❧t ❢r♦♠ ❙❡❝t✐♦♥ ✺ ❤♦❧❞s ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤
t❤❡ ❝♦st ♦❢ t❤❡ t❡st ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❛♥❞✐❞❛t❡✬s t②♣❡✳
✽ ❈♦♥❝❧✉s✐♦♥s
■♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ❛❣❡♥ts ❝❛♥♥♦t ❝♦♠♠✉♥✐❝❛t❡ ❞✐r❡❝t❧② t♦ ❛ ♣r✐♥❝✐♣❛❧✱ ❜✉t
❝❛♥ r❡✈❡❛❧ ✐♥❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ ❛ ❝♦st❧② ❡①♦❣❡♥♦✉s ♣r♦❝❡❞✉r❡✳ ❚❤✐s ♣❛♣❡r
❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ♦❢ ❝♦♠♣❡t✐♥❣ ❛❣❡♥ts ✇❤♦ ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ t❛❦❡ ❛ t❡st
t❤❛t s❡♥❞s ❛ s✐❣♥❛❧ ❛❜♦✉t t❤❡✐r t②♣❡s t♦ ❛ ❞❡❝✐s✐♦♥✲♠❛❦❡r✳
❙❡✈❡r❛❧ r❡s✉❧ts ✇❡r❡ ❞❡r✐✈❡❞✳ ❋✐rst✱ ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥ r❡❞✉❝❡s ✐♥❢♦r♠✲
❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✐❢ t❤❡ ❝♦st ♦❢ ❞✐s❝❧♦s✉r❡ ✐s ❧♦✇✱ ❜✉t ✐♥❝r❡❛s❡s ✐t ✐❢ t❤❡ ❝♦st
✐s ❤✐❣❤✳ ❙❡❝♦♥❞✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❛❧✇❛②s ❣❛✐♥s ❢r♦♠ ❣r❡❛t❡r ❝♦♠♣❡t✐t✐♦♥❀
❛t t❤❡ s❛♠❡ t✐♠❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦st ♦❢ t❤❡ t❡st ❝❛♥ ♠❛❦❡ ❝❛♥❞✐❞❛t❡s
❜❡tt❡r ♦✛✳ ❚❤✐r❞✱ ♠❛♥❞❛t♦r② ❞✐s❝❧♦s✉r❡ ✐s str✐❝t❧② P❛r❡t♦✲❞♦♠✐♥❛t❡❞ ❜② ✈♦❧✲
✉♥t❛r② ❞✐s❝❧♦s✉r❡ ✉♥❧❡ss ❝♦♠♣❡t✐t✐♦♥ ✐s ❧♦✇✳ ❚❤✐r❞✱ ❣r❡❛t❡r t❡st ♥♦✐s❡ ♠❛❦❡s
❝❛♥❞✐❞❛t❡s ♠♦r❡ ❧✐❦❡❧② t♦ t❛❦❡ t❤❡ t❡st✳
✷✵
❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✇❛s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡s ❛r❡
❝♦♠♣❡t✐♥❣ ❢♦r ❛ s✐♥❣❧❡ ♣r✐③❡✳ ■♥ s♦♠❡ s❡tt✐♥❣s ✕ s✉❝❤ ❛s ❝♦♠♣❡t✐t✐♦♥ ❢♦r
♣♦❧✐t✐❝❛❧ ♦✣❝❡✱ ❛ ❝♦♠♣❛♥② s❡❡❦✐♥❣ t♦ ✜❧❧ ❛ s✐♥❣❧❡ ✈❛❝❛♥❝②✱ ♦r ❛ ✉♥✐✈❡rs✐t②
t❤❛t ♥❡❡❞s t♦ ❛❧❧♦❝❛t❡ ❛ s✐♥❣❧❡ s❝❤♦❧❛rs❤✐♣ ✕ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥❛t✉r❛❧❧②
s❛t✐s✜❡❞✳ ■♥ ♦t❤❡r s❡tt✐♥❣s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐③❡s ❝❛♥ ❜❡ ❣r❡❛t❡r t❤❛♥ ♦♥❡✳
❋✉t✉r❡ ✇♦r❦ ❝❛♥ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s t♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ♣♦ss✐❜✐❧✐t②✳
❘❡❢❡r❡♥❝❡s
❆❧♦♥s♦✱ ❘✐❝❛r❞♦✱ ✏❘❡❝r✉✐t♠❡♥t ❛♥❞ s❡❧❡❝t✐♦♥ ✐♥ ♦r❣❛♥✐③❛t✐♦♥s✱✑ ✷✵✶✼✳
❆❧ós✲❋❡rr❡r✱ ❈❛r❧♦s ❛♥❞ ❏✉❧✐❡♥ Pr❛t✱ ✏❏♦❜ ♠❛r❦❡t s✐❣♥❛❧✐♥❣ ❛♥❞ ❡♠♣❧♦②❡r
❧❡❛r♥✐♥❣✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✷✵✶✷✱ ✶✹✼ ✭✺✮✱ ✶✼✽✼✕✶✽✶✼✳
❇❡♥✲P♦r❛t❤✱ ❊❧❝❤❛♥❛♥✱ ❊❞❞✐❡ ❉❡❦❡❧✱ ❛♥❞ ❇❛rt♦♥ ▲ ▲✐♣♠❛♥✱ ✏❖♣✲
t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ✇✐t❤ ❝♦st❧② ✈❡r✐✜❝❛t✐♦♥✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱
✷✵✶✹✱ ✶✵✹ ✭✶✷✮✱ ✸✼✼✾✕✸✽✶✸✳
❇♦❛r❞✱ ❖❧✐✈❡r✱ ✏❈♦♠♣❡t✐t✐♦♥ ❛♥❞ ❉✐s❝❧♦s✉r❡✱✑ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧
❊❝♦♥♦♠✐❝s✱ ✷✵✵✾✱ ✺✼ ✭✶✮✱ ✶✾✼✕✷✶✸✳
❈❛♦✱ ❳✐❛♦②♦♥❣✱ ●✉♦❢✉ ❚❛♥✱ ●✉♦q✐❛♥❣ ❚✐❛♥✱ ❛♥❞ ❖❦❛♥ ❨✐❧❛♥❦❛②❛✱
✏❊q✉✐❧✐❜r✐❛ ✐♥ s❡❝♦♥❞✲♣r✐❝❡ ❛✉❝t✐♦♥s ✇✐t❤ ♣r✐✈❛t❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦sts✱✑ ❊❝♦✲
♥♦♠✐❝ ❚❤❡♦r②✱ ✷✵✶✽✱ ✻✺ ✭✷✮✱ ✷✸✶✕✷✹✾✳
❈❤❡♦♥❣✱ ■♥s✉❦ ❛♥❞ ❏❡♦♥❣✲❨♦♦ ❑✐♠✱ ✏❈♦st❧② ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✐♥
♦❧✐❣♦♣♦❧②✱✑ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✷✵✵✹✱ ✺✷ ✭✶✮✱ ✶✷✶✕✶✸✷✳
❈♦r❝❤ó♥✱ ▲✉✐s ❈ ❛♥❞ ▼❛r❝♦ ❙❡r❡♥❛✱ ✏❈♦♥t❡st t❤❡♦r②✱✑ ✐♥ ✏❍❛♥❞❜♦♦❦
♦❢ ●❛♠❡ ❚❤❡♦r② ❛♥❞ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱ ❱♦❧✉♠❡ ■■✱✑ ❊❞✇❛r❞ ❊❧❣❛r
P✉❜❧✐s❤✐♥❣✱ ✷✵✶✽✳
❉❛❧❡②✱ ❇r❡♥❞❛♥ ❛♥❞ ❇r❡tt ●r❡❡♥✱ ✏▼❛r❦❡t s✐❣♥❛❧✐♥❣ ✇✐t❤ ❣r❛❞❡s✱✑
❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✷✵✶✹✱ ✶✺✶✱ ✶✶✹✕✶✹✺✳
❉❡♥t❡r✱ P❤✐❧✐♣♣ ❛♥❞ ❉❛♥❛ ❙✐s❛❦✱ ✏❍❡❛❞ st❛rts ✐♥ ❞②♥❛♠✐❝ t♦✉r♥❛♠❡♥ts❄✱✑
❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✷✵✶✻✱ ✶✹✾✱ ✾✹✕✾✼✳
❉r❛♥♦✈❡✱ ❉❛✈✐❞ ❛♥❞ ●✐♥❣❡r ❩❤❡ ❏✐♥✱ ✏◗✉❛❧✐t② ❞✐s❝❧♦s✉r❡ ❛♥❞ ❝❡rt✐✜❝❛✲
t✐♦♥✿ ❚❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ▲✐t❡r❛t✉r❡✱ ✷✵✶✵✱ ✹✽ ✭✹✮✱
✾✸✺✕✾✻✸✳
✷✶
❋❡❧t♦✈✐❝❤✱ ◆✐❝❦✱ ❘✐❝❤♠♦♥❞ ❍❛r❜❛✉❣❤✱ ❛♥❞ ❚❡❞ ❚♦✱ ✏❚♦♦ ❝♦♦❧ ❢♦r
s❝❤♦♦❧❄ ❙✐❣♥❛❧❧✐♥❣ ❛♥❞ ❝♦✉♥t❡rs✐❣♥❛❧❧✐♥❣✱✑ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱
✷✵✵✷✱ ♣♣✳ ✻✸✵✕✻✹✾✳
❋♦r❛♥❞✱ ❏❡❛♥ ●✉✐❧❧❛✉♠❡✱ ✏❈♦♠♣❡t✐♥❣ t❤r♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥✱✑ ■♥✲
t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱ ✷✵✶✸✱ ✸✶ ✭✺✮✱ ✹✸✽✕✹✺✶✳
●✐♥③❜✉r❣✱ ❇♦r✐s✱ ✏❖♣t✐♠❛❧ Pr✐❝❡ ♦❢ ❊♥tr② ✐♥t♦ ❛ ❈♦♠♣❡t✐t✐♦♥✱✑ ✷✵✷✵✳
●✉♦✱ ▲✐❛♥❣ ❛♥❞ ❨✐♥❣ ❩❤❛♦✱ ✏❱♦❧✉♥t❛r② q✉❛❧✐t② ❞✐s❝❧♦s✉r❡ ❛♥❞ ♠❛r❦❡t
✐♥t❡r❛❝t✐♦♥✱✑ ▼❛r❦❡t✐♥❣ ❙❝✐❡♥❝❡✱ ✷✵✵✾✱ ✷✽ ✭✸✮✱ ✹✽✽✕✺✵✶✳
❏❛♥ss❡♥✱ ▼❛❛rt❡♥ ❈❲ ❛♥❞ ❙❛♥t❛♥✉ ❘♦②✱ ✏❈♦♠♣❡t✐t✐♦♥✱ ❉✐s❝❧♦s✉r❡ ❛♥❞
❙✐❣♥❛❧❧✐♥❣✱✑ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱ ✷✵✶✺✱ ✶✷✺✱ ✽✻✕✶✶✹✳
▲❡✈✐♥✱ ❉❛♥ ❛♥❞ ❏❛♠❡s ▲ ❙♠✐t❤✱ ✏❊q✉✐❧✐❜r✐✉♠ ✐♥ ❛✉❝t✐♦♥s ✇✐t❤ ❡♥tr②✱✑
❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✾✾✹✱ ♣♣✳ ✺✽✺✕✺✾✾✳
✱ ❏❛♠❡s P❡❝❦✱ ❛♥❞ ▲✐①✐♥ ❨❡✱ ✏◗✉❛❧✐t② ❞✐s❝❧♦s✉r❡ ❛♥❞ ❝♦♠♣❡t✐t✐♦♥✱✑ ❚❤❡
❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❊❝♦♥♦♠✐❝s✱ ✷✵✵✾✱ ✺✼ ✭✶✮✱ ✶✻✼✕✶✾✻✳
▲✐✉✱ ❇✐♥✱ ❏✐♥❣❢❡♥❣ ▲✉✱ ❘✉q✉ ❲❛♥❣✱ ❛♥❞ ❏✉♥ ❩❤❛♥❣✱ ✏❖♣t✐♠❛❧ ♣r✐③❡
❛❧❧♦❝❛t✐♦♥ ✐♥ ❝♦♥t❡sts✿ ❚❤❡ r♦❧❡ ♦❢ ♥❡❣❛t✐✈❡ ♣r✐③❡s✱✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝
❚❤❡♦r②✱ ✷✵✶✽✱ ✶✼✺✱ ✷✾✶✕✸✶✼✳
▼❝❆❢❡❡✱ ❘ Pr❡st♦♥ ❛♥❞ ❏♦❤♥ ▼❝▼✐❧❧❛♥✱ ✏❆✉❝t✐♦♥s ✇✐t❤ ❡♥tr②✱✑ ❊❝♦✲
♥♦♠✐❝s ▲❡tt❡rs✱ ✶✾✽✼✱ ✷✸ ✭✹✮✱ ✸✹✸✕✸✹✼✳
▼✐❧❣r♦♠✱ P❛✉❧ ❘✱ ✏●♦♦❞ ♥❡✇s ❛♥❞ ❜❛❞ ♥❡✇s✿ ❘❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠s
❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱✑ ❚❤❡ ❇❡❧❧ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✾✽✶✱ ♣♣✳ ✸✽✵✕✸✾✶✳
▼♦❧❞♦✈❛♥✉✱ ❇❡♥♥② ❛♥❞ ❆♥❡r ❙❡❧❛✱ ✏❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ♦❢ ♣r✐③❡s ✐♥
❝♦♥t❡sts✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✷✵✵✶✱ ♣♣✳ ✺✹✷✕✺✺✽✳
▼♦r❡♥♦✱ ❉✐❡❣♦ ❛♥❞ ❏♦❤♥ ❲♦♦❞❡rs✱ ✏❆✉❝t✐♦♥s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❡♥tr②
❝♦sts✱✑ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✷✵✶✶✱ ✹✷ ✭✷✮✱ ✸✶✸✕✸✸✻✳
❖❧s③❡✇s❦✐✱ ❲♦❥❝✐❡❝❤ ❛♥❞ ❘♦♥ ❙✐❡❣❡❧✱ ✏P❛r❡t♦ ■♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ❈♦♥✲
t❡st ❢♦r ❈♦❧❧❡❣❡ ❆❞♠✐ss✐♦♥s✱✑ ✷✵✶✻✳
❘♦s❛r✱ ❋r❛♥❦✱ ✏❚❡st ❞❡s✐❣♥ ✉♥❞❡r ✈♦❧✉♥t❛r② ♣❛rt✐❝✐♣❛t✐♦♥✱✑ ●❛♠❡s ❛♥❞ ❊❝♦✲
♥♦♠✐❝ ❇❡❤❛✈✐♦r✱ ✷✵✶✼✱ ✶✵✹✱ ✻✸✷✕✻✺✺✳
✷✷
❙✐❡❣❡❧✱ ❘♦♥✱ ✏❆❧❧✲P❛② ❈♦♥t❡sts✱✑ ❊❝♦♥♦♠❡tr✐❝❛✱ ✷✵✵✾✱ ✼✼ ✭✶✮✱ ✼✶✕✾✷✳
✱ ✏❆s②♠♠❡tr✐❝ ❈♦♥t❡sts ✇✐t❤ ❍❡❛❞ ❙t❛rts ❛♥❞ ◆♦♥♠♦♥♦t♦♥✐❝ ❈♦sts✱✑
❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ▼✐❝r♦❡❝♦♥♦♠✐❝s✱ ✷✵✶✹✱ ✻ ✭✸✮✱ ✺✾✕✶✵✺✳
❙♦❣♦✱ ❚❛❦❡❤❛r✉✱ ❉❛♥ ❇❡r♥❤❛r❞t✱ ❛♥❞ ❚✐♥❣❥✉♥ ▲✐✉✱ ✏❊♥❞♦❣❡♥♦✉s ❡♥tr②
t♦ s❡❝✉r✐t②✲❜✐❞ ❛✉❝t✐♦♥s✱✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✷✵✶✻✱ ✶✵✻ ✭✶✶✮✱
✸✺✼✼✕✽✾✳
❙♣❡♥❝❡✱ ▼✐❝❤❛❡❧✱ ✏❏♦❜ ♠❛r❦❡t s✐❣♥❛❧✐♥❣✱✑ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦✲
♥♦♠✐❝s✱ ✶✾✼✸✱ ♣♣✳ ✸✺✺✕✸✼✹✳
❆♣♣❡♥❞✐①
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❙✉♣♣♦s❡ h (x) = 1, ∀x ∈ [0, 1]✳ ❚❤❡♥ t❤❡ ♣❛②♦✛ ♦❢
❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x ✇❤♦ t❛❦❡s t❤❡ t❡st ❡q✉❛❧s F (x)n−1 − c✳ ❚❤✐s ✐s
♥❡❣❛t✐✈❡ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ x✱ s♦ t❤❡s❡ ❝❛♥❞✐❞❛t❡s ♣r❡❢❡r t♦ ❞❡✈✐❛t❡✳ ❚❤✉s✱
❛t ❡q✉✐❧✐❜r✐✉♠✱ h (x) < 1 ❢♦r s♦♠❡ x ∈ [0, 1]✳
▲❡t m ❜❡ t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✳
❉❡♥♦t❡ ❜② pi (x) t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x ✇✐♥s t❤❡ ♣r✐③❡✳
❚❤❡♥ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x ✇❡❛❦❧② ♣r❡❢❡rs t♦ t❛❦❡ t❤❡ t❡st ✇❤❡♥❡✈❡r pi (x)−
c ≥ pi (m)✱ ❛♥❞ ✇❡❛❦❧② ♣r❡❢❡rs ♥♦t t❛❦✐♥❣ ✐t ✇❤❡♥❡✈❡r pi (x)− c ≤ pi (m)✳
◆♦t❡ t❤❛t pi (·) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳ ❚❤❡♥ ✇❤❡♥❡✈❡r x ≤ m✱ ✇❡ ❤❛✈❡ pi (x)−
c < pi (m)✱ s♦ ❛♥② ❝❛♥❞✐❞❛t❡ ✇❤♦s❡ t②♣❡ ✐s ❜❡❧♦✇ m str✐❝t❧② ♣r❡❢❡rs ♥♦t t♦
t❛❦❡ t❤❡ t❡st✳ ❚❤✉s✱ h (x) = 0 ❢♦r ❛❧❧ x ≤ m✳ ❋♦r ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡
x > m✱ pi (x) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❡✈❡r② ♦t❤❡r ❝❛♥❞✐❞❛t❡ ❡✐t❤❡r ❞♦❡s ♥♦t
t❛❦❡ t❤❡ t❡st✱ ♦r t❛❦❡s ✐t ❛♥❞ ❤❛s ❛ t②♣❡ ❜❡❧♦✇ x✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ x > m✱
pi (x) =
(∫ 1
0
[1− h (u)] dF (u) +
∫ x
0
h (u) dF (u)
)n−1
✭✻✮
▲❡t b ≡ sup {x | h (x) < 1}✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡ pi (b) − c ≤ pi (m)✳
◆♦✇ t❛❦❡ s♦♠❡ xˆ < b✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t h (xˆ) > 0✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡
pi (xˆ) − c ≥ pi (m)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t pi (b) ≤ pi (xˆ)✳ ❇✉t pi (·) ✐s ♥♦♥❞❡❝r❡❛s✲
✐♥❣✱ s♦ pi (b) = pi (xˆ)✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r pi (b) ❛♥❞ pi (xˆ) ❢r♦♠
✭✻✮ ❛♥❞ s✐♠♣❧✐❢②✐♥❣✱ ✇❡ ❣❡t
∫ b
0
h (u) dF (u) =
∫ xˆ
0
h (u) dF (u)✳ ❚❤❡r❡❢♦r❡✱∫ b
xˆ
h (u) dF (u) = 0✳ ❚❤✐s s❤♦✉❧❞ ❤♦❧❞ ❢♦r ❛❧❧ xˆ < b s✉❝❤ t❤❛t h (xˆ) > 0✳
✷✸
❍❡♥❝❡✱ t❤❡r❡ ❡①✐sts b ∈ [0, 1] s✉❝❤ t❤❛t h (x) = 1 ❢♦r ❛❧❧ x > b✱ ❛♥❞ h (x) = 0
❢♦r ❛❧♠♦st ❛❧❧ x < b✳ ❇② t❤❡ r❡❛s♦♥✐♥❣ ❣✐✈❡♥ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢✱
b > 0✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ■❢ c ≤ n−1
n
✱ t❤❡♥ ✭✶✮ ✐♠♣❧✐❡s t❤❛t F (b) =
(
cn
n−1
) 1
n−1 ≤
1✳ ■❢ c > n−1
n
✱ t❤❡♥ b = 1✱ s♦ F (b) = 1✳ ❯♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t
t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ❧❡♠♠❛ ✐s ❝♦♥st❛♥t ✐♥ b✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ■❢ c > n−1
n
✱ t❤❡♥ F (b)n = 1 ❜② ▲❡♠♠❛ ✷✳ ■❢ c < n−1
n
✱
t❤❡♥ F (b)n =
(
cn
n−1
) n
n−1 = e
n
n−1
ln cn
n−1 ✳ ❆♣♣r♦①✐♠❛t✐♥❣ n ❜② ❛ ❝♦♥t✐♥✉♦✉s
✈❛r✐❛❜❧❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ②✐❡❧❞s
d
dn
F (b)n = F (b)n
[
−
1
(n− 1)2
ln
cn
n− 1
+
n
n− 1
n− 1
cn
−c
(n− 1)2
]
= −
F (b)n
(n− 1)2
[
ln
(
cn
n− 1
)
+ 1
]
✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✇❤❡♥❡✈❡r ln
(
cn
n−1
)
< −1✱ ✐✳❡✳ ✇❤❡♥❡✈❡r c < n−1
ne
✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ c > 1
e
✱ t❤❡♥ c > n−1
ne
, ∀n✱ ❤❡♥❝❡ ❜② ▲❡♠♠❛ ✸✱
F (b)n ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ n✳ ■❢ c < 1
2e
✱ t❤❡♥ c < n−1
ne
, ∀n ≥ 2✱ ❤❡♥❝❡ ❜②
▲❡♠♠❛ ✸✱ F (b)n ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ n✳ ■❢ c ∈
(
1
2e
, 1
e
)
✱ t❤❡♥ ❜② ✸✱ F (b)n
✐s ❞❡❝r❡❛s✐♥❣ ✐♥ n ✐❢ ❛♥❞ ♦♥❧② ✐❢ c > n−1
ne
✱ t❤❛t ✐s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n < 1
1−ce
✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ■❢ c > n−1
n
✱ t❤❡♥ F (b) = 1 ❜② ▲❡♠♠❛ ✷✳ ■❢ c <
n−1
n
✱ t❤❡♥ F (b) =
(
cn
n−1
) 1
n−1 = e
1
n−1
ln cn
n−1 ✳ ❆♣♣r♦①✐♠❛t✐♥❣ n ❜② ❛ ❝♦♥t✐♥✉♦✉s
✈❛r✐❛❜❧❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ②✐❡❧❞s
d
dn
F (b) = F (b)
[
−
1
(n− 1)2
ln
cn
n− 1
+
1
n− 1
n− 1
cn
−c
(n− 1)2
]
= −
F (b)
(n− 1)2
[
ln
(
cn
n− 1
)
+
1
n
]
✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✇❤❡♥❡✈❡r ln
(
cn
n−1
)
< − 1
n
✱ ✐✳❡✳ ✇❤❡♥❡✈❡r c < n−1
n
e−
1
n ✳
✷✹
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ lim
n→∞
(
cn
n−1
) n
n−1 = lim
n→∞
(
c
1− 1
n
) 1
1− 1
n = c✳ ❙✐♥❝❡
F (b)n = min
{(
cn
n−1
) n
n−1 , 1
}
✱ lim
n→∞
F (b)n = c✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❲❡ ❤❛✈❡
❊ [max {x} | max {x} > b] =
∫ 1
b
xd [F (x)n]
1− F (b)n
✇❤✐❝❤ ✉s❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❞❢ ♦❢ max {x} ✐s F (x)n✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡
❤❛✈❡
❊ [x | x < b] =
∫ b
0
xd [F (x)]
F (b)
❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ✐♥t♦ ✭✷✮✱ s✐♠♣❧✐❢②✐♥❣✱ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ♦❜✲
t❛✐♥
v =
∫ 1
b
xd [F (x)n] + F (b)n−1
∫ b
0
xd [F (x)]
= xF (x)n|
1
b −
∫ 1
b
F (x)n dx+ F (b)n−1
[
xF (x)|b0 −
∫ b
0
F (x) dx
]
=1− bF (b)n −
∫ 1
b
F (x)n dx+ bF (b)n − F (b)n−1
∫ b
0
F (x) dx
=1−
∫ 1
b
F (x)n dx− F (b)n−1
∫ b
0
F (x) dx
❙✉❜st✐t✉t✐♥❣ F (b)n−1 = cn
n−1
❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ n✱ ❛♣✲
♣r♦①✐♠❛t✐♥❣ n ❜② ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡✱ ②✐❡❧❞s
dv
dn
=F (b)n
db
dn
−
∫ 1
b
F (x)n ln [F (x)] dx+
c
(n− 1)2
∫ b
0
F (x) dx− F (b)n
db
dn
=−
∫ 1
b
F (x)n ln [F (x)] dx+
c
(n− 1)2
∫ b
0
F (x) dx > 0
>0
✷✺
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ■❢ c ≥ n−1
n
✱ t❤❡♥ F (b) = 1✱ ❛♥❞ ❛ ❢✉rt❤❡r ✐♥❝r❡❛s❡
✐♥ c ❞♦❡s ♥♦t ❛✛❡❝t u✳ ❙✉♣♣♦s❡ t❤❛t c < n−1
n
✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r
F (b) ❢r♦♠ ▲❡♠♠❛ ✷ ✐♥t♦ ✭✸✮ ②✐❡❧❞s
u =
1
n
− c
[
1−
(
cn
n− 1
) 1
n−1
]
=
1
n
− c+ c
n
n−1
(
n
n− 1
) 1
n−1
❉✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ c✱ ✇❡ ♦❜t❛✐♥
du
dc
= −1 +
n
n− 1
c
1
n−1
(
n
n− 1
) 1
n−1
= −1 + c
1
n−1
(
n
n− 1
) n
n−1
✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ c >
(
n−1
n
)n
✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ ■❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ✇✐t❤ m ❛♥❞ pi (m)
r❡♣❧❛❝❡❞ ❜② ③❡r♦✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳ ❲❡ ❤❛✈❡ vˆ =
∫ 1
bˆ
xd [F (xn)]✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱
❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❡ ❤❛✈❡ v =
∫ 1
b
xd [F (x)n]+F (b)n−1
∫ b
0
xd [F (x)]✳
❙✉❜tr❛❝t✐♥❣ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ②✐❡❧❞s✿
vˆ − v =
∫ b
bˆ
xd [F (x)n]− F (b)n−1
∫ b
0
xd [F (x)]
= bF (b)n − bˆF
(
bˆ
)n
−
∫ b
bˆ
F (x)n dx− F (b)n−1
[
bF (b)−
∫ b
0
F (x) dx
]
= −bˆF
(
bˆ
)n
−
∫ b
bˆ
F (x)n dx+ F (b)n−1
∫ b
0
F (x) dx
◆♦t❡ t❤❛t lim
n→∞
F (b) = lim
n→∞
(
c
1− 1
n
) 1
n−1
= 1✱ ❛♥❞ lim
n→∞
F
(
bˆ
)
= lim
n→∞
c
1
n−1 =
1✳ ❍❡♥❝❡✱ lim
n→∞
bˆ = lim
n→∞
b = 1✱ ❛♥❞ t❤✉s lim
n→∞
∫ b
bˆ
F (x)n dx = 0✳ ❆t t❤❡ s❛♠❡
t✐♠❡✱ lim
n→∞
F
(
bˆ
)n
= lim
n→∞
c
n
n−1 = c✱ ❛♥❞ lim
n→∞
F (b)n−1 = lim
n→∞
cn
n−1
= c✳ ❚❤✉s✱
lim
n→∞
[vˆ − v] = lim
n→∞
[
−c+ c
∫ b
0
F (x) dx
]
= −c
[
1−
∫ 1
0
F (x) dx
]
< 0
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✈♦❧✉♥t❛r② t❡st✐♥❣ ✐s str✐❝t❧② ❜❡tt❡r ❢♦r t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r
✇❤❡♥ n ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ❝❛♥❞✐❞❛t❡s str✐❝t❧② ♣r❡❢❡r
✈♦❧✉♥t❛r② t❡st✐♥❣✱ t❤✐s ✐♠♣❧✐❡s str✐❝t P❛r❡t♦✲❞♦♠✐♥❛♥❝❡✳
✷✻
Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ■❢ F (x) = x✱ t❤❡♥✱ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢
vˆ − v ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ ✇❡ ❤❛✈❡
vˆ − v =− bˆn+1 −
∫ b
bˆ
xndx+ bn−1
∫ b
0
xdx
=− bˆn+1 −
1
n+ 1
bn+1 +
1
n+ 1
bˆn+1 +
1
2
bn+1
=
n− 1
2 (n+ 1)
bn+1 −
n
n+ 1
bˆn+1
❙✉❜st✐t✉t✐♥❣ b = F (b) =
(
cn
n−1
) 1
n−1 ❛♥❞ bˆ = F
(
bˆ
)
= c
1
n−1 ✐♥t♦ t❤❡ ❛❜♦✈❡
❡①♣r❡ss✐♦♥ ②✐❡❧❞s
vˆ−v =
n− 1
2 (n+ 1)
(
cn
n− 1
)n+1
n−1
−
n
n+ 1
c
n+1
n−1 = c
n+1
n−1
1
n+ 1
[
n− 1
2
(
n
n− 1
)n+1
n−1
− n
]
✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ s✐❣♥ ❛s n−1
2
(
n
n−1
)n+1
n−1 − n✱ ♦r ❛s 1
2
(
n
n−1
) 2
n−1 − 1✳ ❚❤✐s ✐s
♥❡❣❛t✐✈❡ ❢♦r ❛❧❧ n ≥ 3✱ ❛♥❞ ♣♦s✐t✐✈❡ ❢♦r n = 2✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳ ❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t
si > sj ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ x | si ✜rst✲♦r❞❡r st♦❝❤❛st✐❝✲
❛❧❧② ❞♦♠✐♥❛t❡s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ x | sj✳ ▼✐❧❣r♦♠ ✭✶✾✽✶✮ s❤♦✇s
t❤❛t t❤✐s ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ k(s|x)
k(s|x¯)
✐s ✐♥❝r❡❛s✐♥❣ ✐♥ s ❢♦r
❛♥② x✱ x¯ s✉❝❤ t❤❛t x > x¯✱ ✇❤❡r❡ k (s | x) ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ s
❣✐✈❡♥ x✳ ●✐✈❡♥ t❤❡ ❛❞❞✐t✐✈❡ str✉❝t✉r❡ ♦❢ ♥♦✐s❡✱ k (s | x) = g (s− x)✱ ❛♥❞ t❤❡
❛❜♦✈❡ ♠♦♥♦t♦♥❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ♣r♦♣❡rt② ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ st❛t❡♠❡♥t t❤❛t
d
ds
(
g(s−x)
g(s−x¯)
)
> 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦
d
ds
(
ln
[
g (s− x)
g (s− x¯)
])
=
d
ds
[ln g (s− x)− ln g (s− x¯)] > 0
❚❤✐s ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ d
ds
[ln g (s− x)] > d
ds
[ln g (s− x¯)]✱ ∀x > x¯✱ ✐✳❡✳ ✐❢ ❛♥❞
♦♥❧② ✐❢ d
ds
ln g (·) ✐s ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ ❤❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ g (·) ✐s ❧♦❣❝♦♥❝❛✈❡✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳ ▲❡t p˜i ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ ✇✐♥s t❤❡
♣r✐③❡ ❛❢t❡r ❞❡❝✐❞✐♥❣ ♥♦t t♦ t❛❦❡ t❤❡ t❡st✳ ▲❡t pi (x) ❜❡ t❤❡ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t②
t❤❛t ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦s❡ t②♣❡ ✐s x ✇✐♥s t❤❡ ♣r✐③❡✳ ❚❤❡♥ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡
✷✼
x t❛❦❡s t❤❡ t❡st ✐❢ pi (x)− c > p˜i✱ ❛♥❞ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st ✐❢ pi (x)− c < p˜i✳
◆♦t❡ t❤❛t p˜i ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x✳ ❚❤✉s✱ t♦ s❤♦✇ t❤❛t h ✐s ♦❢ ❛ t❤r❡s❤♦❧❞
❢♦r♠ ❛s st❛t❡❞ ✐♥ t❤❡ ❧❡♠♠❛✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❞❡♠♦♥str❛t❡ t❤❛t pi (x) ✐s
str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ x✳
❆t t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❧❡t s˜ ❜❡ t❤❡ s❝♦r❡ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ❝♦♥✲
❞✐t✐♦♥❛❧ ♦♥ ❤❛✈✐♥❣ s❝♦r❡ s˜ ❡q✉❛❧s t❤❡ ❡①♣❡❝t❡❞ t②♣❡ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇❤♦ ❞✐❞
♥♦t t❛❦❡ t❤❡ t❡st✳ ▲❡♠♠❛ ✻ ✐♠♣❧✐❡s t❤❛t s˜ ✐s ✉♥✐q✉❡✳
❙✉♣♣♦s❡ t❤❛t ❝❛♥❞✐❞❛t❡ i ✇✐t❤ t②♣❡ x t❛❦❡s t❤❡ t❡st ❛♥❞ r❡❝❡✐✈❡s ❛ s❝♦r❡
s = x+z✳ ◆♦✇ t❛❦❡ ❛ ❝♦♠♣❡t✐t♦r ✇✐t❤ t②♣❡ xˆ✳ ■❢ s < s˜ ✭❛♥❞ ❤❡♥❝❡ z < s˜−x✮✱
i ❤❛s ❛ ❤✐❣❤❡r ❡①♣❡❝t❡❞ t②♣❡ t❤❛♥ t❤✐s ❝♦♠♣❡t✐t♦r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❧❛tt❡r
t❛❦❡s t❤❡ t❡st ❛♥❞ r❡❝❡✐✈❡s ❛ s❝♦r❡ xˆ + zˆ t❤❛t ✐s ❧❡ss t❤❛♥ x + z✳ ●✐✈❡♥ t❤❡
❝♦♠♣❡t✐t♦r✬s t②♣❡ xˆ✱ t❤✐s ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② h (xˆ)G (x+ z − xˆ)✳ ❚❤✉s✱
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t i ✇✐♥s ♦✈❡r ❛ ❣✐✈❡♥ ❝♦♠♣❡t✐t♦r ❡q✉❛❧s∫ 1
0
f (xˆ)h (xˆ)G (x+ z − xˆ) dxˆ ≡ L (x, z)
❍❡♥❝❡✱ i✬s ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡ ❣✐✈❡♥ z s✉❝❤ t❤❛t z < s˜ − x
❡q✉❛❧s L (x, z)n−1✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ s > s˜ ✭❛♥❞ ❤❡♥❝❡ z > s˜−x✮✱ i ❤❛s ❛ ❤✐❣❤❡r ❡①♣❡❝t❡❞
t②♣❡ t❤❛♥ ❤✐s ❝♦♠♣❡t✐t♦r ✐❢ ❛♥ ♦♥❧② ✐❢ t❤❡ ❧❛tt❡r ❡✐t❤❡r ✭✐✮ t❛❦❡s t❤❡ t❡st ❛♥❞
r❡❝❡✐✈❡s ❛ s❝♦r❡ xˆ + zˆ t❤❛t ✐s ❧❡ss t❤❛♥ x + z✱ ♦r ✭✐✐✮ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✳
●✐✈❡♥ t❤❡ ❝♦♠♣❡t✐t♦r✬s t②♣❡ xˆ✱ t❤❡ ❢♦r♠❡r ❡✈❡♥t ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
h (xˆ)G (x+ z − xˆ)✱ ✇❤✐❧❡ t❤❡ ❧❛tt❡r ❡✈❡♥t ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1−h (xˆ)✳
❚❤✉s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t i ✇✐♥s ♦✈❡r ❛ ❣✐✈❡♥ ❝♦♠♣❡t✐t♦r ❡q✉❛❧s∫ 1
0
f (xˆ) [1− h (xˆ) + h (xˆ)G (x+ z − xˆ)] dxˆ = K + L (x, z)
✇❤❡r❡ K ≡
∫ 1
0
f (xˆ) [1− h (xˆ)] dxˆ ≥ 0✳ ❍❡♥❝❡✱ i✬s ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡
♣r✐③❡ ❣✐✈❡♥ z s✉❝❤ t❤❛t z > s˜− x ❡q✉❛❧s [K + L (x, z)]n−1
❚❤❡♥ i✬s ♦✈❡r❛❧❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡ ✐s
pi (x) =
∫ s˜−x
−∞
g (z) [L (x, z)]n−1 dz +
∫ +∞
s˜−x
g (z) [K + L (x, z)]n−1 dz
✷✽
❉✐✛❡r❡♥t✐❛t✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ x ②✐❡❧❞s
dpi (x)
dx
=− g (s˜− x) [L (x, s˜− x)]n−1 +
∫ s˜−x
−∞
g (z)
d
dx
(
[L (x, z)]n−1
)
dz
+g (s˜− x) [K + L (x, s˜− x)]n−1 +
∫ +∞
s˜−x
g (z)
d
dx
(
[K + L (x, z)]n−1
)
dz
≥g (s˜− x)
(
[K + L (x, s˜− x)]n−1 − [L (x, s˜− x)]n−1
)
✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t L (x, z) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ x ✇❤✐❧❡
K ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✇✐t❤ x✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t d
dx
(
[L (x, z)]n−1
)
≥ 0 ❛♥❞
d
dx
(
[K + L (x, z)]n−1
)
≥ 0✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✉♥❧❡ss h (·) ✐s ③❡r♦ ❡✈❡r②✇❤❡r❡
♦r ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ L (x, z) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ x✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t✱ ❛♥❞ ❤❡♥❝❡
dpi (x)
dx
> g (s˜− x)
(
[K + L (x, s˜− x)]n−1 − [L (x, s˜− x)]n−1
)
≥ 0
✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t K ≥ 0✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ✐❢ h (·) ✐s ③❡r♦ ❡✈❡r②✇❤❡r❡ ♦r ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ t❤❡♥ K =∫ 1
0
f (xˆ) dxˆ > 0✱ ❛♥❞ ✇❡ ❤❛✈❡
dpi (x)
dx
≥ g (s˜− x)
(
[K + L (x, s˜− x)]n−1 − [L (x, s˜− x)]n−1
)
> 0
❍❡♥❝❡✱ ✐♥ ❡✈❡r② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✇❡ ♠✉st ❤❛✈❡ dpi(x)
dx
> 0, ∀x✳ ❚❤❡r❡✲
❢♦r❡✱ ❛♥② s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ♠✉st ❜❡ ♦❢ ❛ t❤r❡s❤♦❧❞ ❢♦r♠✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳ ❲❤❡♥ b = 1✱ ♥♦ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✱ ❛♥❞
❛ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ♥♦✐s❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ b✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡
❝❛s❡ ✇❤❡♥ b < 1✳ ❋✐rst✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡ ❡①♣r❡ss✐♦♥ t❤❛t ❞❡✜♥❡s b✳ ❚❛❦❡ ❛
❝❛♥❞✐❞❛t❡ i✱ ❛♥❞ s✉♣♣♦s❡ ❤✐s t②♣❡ ❡q✉❛❧s b✳ ❙✉♣♣♦s❡ i t❛❦❡s t❤❡ t❡st✱ ✇❤✐❝❤
♣r♦❞✉❝❡s ♥♦✐s❡ z✱ s♦ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ♦❜s❡r✈❡s b+ z✳ ❚❤❡♥ i ✇✐♥s t❤❡ ♣r✐③❡
✐❢ ❡❛❝❤ ♦❢ ❤✐s ❝♦♠♣❡t✐t♦rs ❡✐t❤❡r ✭✐✮ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ ♦r ✭✐✐✮ t❛❦❡s t❤❡
t❡st ❛♥❞ r❡❝❡✐✈❡s ❛ s❝♦r❡ ❜❡❧♦✇ b+ z✳ ❋♦r ❛ ❣✐✈❡♥ ❝♦♠♣❡t✐t♦r✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ t❤❡ ❢♦r♠❡r ❡✈❡♥t ✐s Pr (x < b)✳ ❚❤❡ ❧❛tt❡r ❡✈❡♥t ❤❛♣♣❡♥s ✐❢ t❤❡ ❝♦♠♣❡t✐t♦r
❤❛s ❛ t②♣❡ x > b ❛♥❞✱ ❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st✱ r❡❝❡✐✈❡s ❛ s❝♦r❡ x + zˆ < b + z✳
❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤✐s ✐s Pr (x > b ∧ zˆ < b+ z − x)✳ ❙✐♥❝❡ t❤❡r❡ ❛r❡ n − 1
❝♦♠♣❡t✐t♦rs✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t i ✇✐♥s t❤❡ ♣r✐③❡ ❡q✉❛❧s
[Pr (x < b) + Pr (x > b ∧ zˆ < b+ z − x)]n−1 =
[
F (b) +
∫ 1
b
f (x)G (b+ z − x) dx
]n−1
✷✾
❚❤❡♥ ❡① ❛♥t❡✱ ❜❡❢♦r❡ z ✐s r❡❛❧✐s❡❞✱ i✬s ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡
❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st ❡q✉❛❧s
∫ +∞
−∞
g (z)
[
F (b) +
∫ 1
b
f (x)G (b+ z − x) dx
]n−1
dz
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ i ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ ❤❡ ✇✐♥s t❤❡ ♣r✐③❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② F (b)n−1 1
n
✳ ❚❤✉s✱ ✇❤❡♥ b < 1✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥∫ +∞
−∞
g (z)
[
F (b) +
∫ 1
b
f (x)G (b+ z − x) dx
]n−1
dz − c = F (b)n−1
1
n
❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ λ✱ t❛❦❡ ❛ ❞✐str✐❜✉t✐♦♥ Gλ (z) = G (λz)✱ ❛♥❞ ♥♦t❡
t❤❛t ✐ts ♣❞❢ ❡q✉❛❧s λg (λz)✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ❝♦♥❞✐t✐♦♥
∫ +∞
−∞
λg (λz)
[
F (b) +
∫ 1
b
f (x)G (λ [b+ z − x]) dx
]n−1
dz − c = F (b)n−1
1
n
❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿∫ +∞
−∞
λg (λz) [M (z)]n−1 dz − c = F (b)n−1
1
n
✭✼✮
✇❤❡r❡
M (z) ≡ F (b) +
∫ 1
b
f (x)G (λ [b+ z − x]) dx
❙✐♥❝❡ ✭✼✮ s❤♦✉❧❞ ❤♦❧❞ ❢♦r ❛♥② λ✱ ✇❡ ❝❛♥ ❞✐✛❡r❡♥t✐❛t❡ ✐t ✇✐t❤ r❡s♣❡❝t t♦ λ t♦
♦❜t❛✐♥ ∫ +∞
−∞
g (λz) [M (z)]n−1 dz +
∫ ∞
−∞
λzg′ (λz) [M (z)]n−1 dz ✭✽✮
+
∫ +∞
−∞
λg (λz) (n− 1) [M (z)]n−2
dM (z)
dλ
dz
=
n− 1
n
F (b)n−2 f (b)
db
dλ
✸✵
◆♦t❡ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡∫ +∞
−∞
λzg′ (λz) [M (z)]n−1 dz
= zg (λz) [M (z)]n−1
∣∣+∞
−∞
−
∫ +∞
−∞
g (λz)
[
∂
∂z
(
z [M (z)]n−1
)]
dz
=−
∫ +∞
−∞
g (λz)
[
∂
∂z
(
z [M (z)]n−1
)]
dz
=−
∫ +∞
−∞
g (λz) [M (z)]n−1 dz −
∫ +∞
−∞
g (λz) z (n− 1) [M (z)]n−2
∂M (z)
∂z
dz
✇❤❡r❡ t❤❡ ✜rst ❡q✉❛❧✐t② ✐s ❛ r❡s✉❧t ♦❢ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❜② ♣❛rts❀ t❤❡ s❡❝♦♥❞ ❝♦♠❡s
❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛ ❧♦❣❝♦♥❝❛✈❡ g✱ lim
z→−∞
zg (λz) = lim
z→+∞
zg (λz) = 0✱✶✵
✇❤✐❧❡ M (z) ✐s ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡❀ ❛♥❞ t❤❡ t❤✐r❞ ❝♦♠❡s ❢r♦♠
str❛✐❣❤t❢♦r✇❛r❞ ❞✐✛❡r❡♥t✐❛t✐♦♥✳ ❲❡ ❝❛♥ s✉❜st✐t✉t❡ t❤✐s ✐♥t♦ ✭✽✮✱ ✇❤✐❝❤ t❤❡♥
❜❡❝♦♠❡s
−
∫ +∞
−∞
g (λz) z (n− 1) [M (z)]n−2
∂M (z)
∂z
dz +
∫ +∞
−∞
λg (λz) (n− 1) [M (z)]n−2
dM (z)
dλ
dz
=
n− 1
n
F (b)n−2 f (b)
db
dλ
❚❤✐s s✐♠♣❧✐✜❡s t♦
∫ +∞
−∞
g (λz) [M (z)]n−2
[
λ
dM (z)
dλ
− z
∂M (z)
∂z
]
dz =
1
n
F (b)n−2 f (b)
db
dλ
✭✾✮
◆♦✇ ♥♦t❡ t❤❛t
∂M (z)
∂z
= λ
∫ 1
b
f (x) g (λ [b+ z − x]) dx > 0
✶✵❚♦ s❡❡ ✇❤② t❤✐s ✐s t❤❡ ❝❛s❡✱ ♥♦t❡ t❤❛t
∫ +∞
−∞
λg (λx) dz = 1✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t
g (λz) ✐s ❧♦❣❝♦♥❝❛✈❡✱ ❛♥❞ ❤❡♥❝❡ ❞❡❝r❡❛s✐♥❣ ❢♦r s✉✣❝✐❡♥t❧② ❤✐❣❤ z✱ t❤✐s ♠❡❛♥s t❤❛t ∀ε > 0
t❤❡r❡ ❡①✐sts δ s✉❝❤ t❤❛t ✭✐✮
∫ +∞
δ
g (λz) dz < ε
2λ
❀ ❛♥❞ ✭✐✐✮ g (λz) ✐s ❞❡❝r❡❛s✐♥❣ ❢♦r z > 2δ✳
❚❤❡♥ ❢♦r ❛♥② z > 2δ ✇❡ ❤❛✈❡ zg (λz) = 2
(
z − z
2
)
g (λz) = 2
∫ z
z
2
g (λz) dt < 2
∫ z
z
2
g (λt) dt <
2
∫ +∞
z
2
g (λt) dt < 2
∫ +∞
δ
g (λt) dt < ε
2λ
✱ ✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
g (λz) ✐s ❞❡❝r❡❛s✐♥❣✳ ❍❡♥❝❡✱ lim
z→+∞
zg (λz) = 0 ✳ ❚❤❡ st❛t❡♠❡♥t t❤❛t lim
z→−∞
zg (λz) = 0 ❝❛♥
❜❡ ♣r♦✈❡♥ ❛♥❛❧♦❣♦✉s❧②✳
✸✶
❛♥❞
dM (z)
dλ
=f (b)
db
dλ
− f (b)G (λz)
db
dλ
+
∫ 1
b
f (x) g (λ [b+ z − x])
(
b+ z − x+ λ
db
dλ
)
dx
=f (b) [1−G (λz)]
db
dλ
+ A (z) +
z
λ
∂M (z)
∂z
+
db
dλ
∂M (z)
∂z
=
(
f (b) [1−G (λz)] +
∂M (z)
∂z
)
db
dλ
+ A (z) +
z
λ
∂M (z)
∂z
✇❤❡r❡ A (z) ≡
∫ 1
b
f (x) g (λ [b+ z − x]) (b− x) dx < 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡✿
λ
dM (z)
dλ
− z
∂M (z)
∂z
= λ
(
f (b) [1−G (λz)] +
∂M (z)
∂z
)
db
dλ
+ λA (z) ✭✶✵✮
❲❡ ❝❛♥ ♥♦✇ s✉❜st✐t✉t❡ ✭✶✵✮ ✐♥t♦ ✭✾✮ t♦ ♦❜t❛✐♥✿
db
dλ
∫ +∞
−∞
λg (λz) [M (z)]n−2
(
f (b) [1−G (λz)] +
∂M (z)
∂z
)
dz
+
∫ +∞
−∞
λg (λz) [M (z)]n−2A (z) dz
=
1
n
F (b)n−2 f (b)
db
dλ
❚❤❡♥ ✇❡ ❝❛♥ ❡①♣r❡ss db
dλ
❛s
db
dλ
=
∫ +∞
−∞
λg (λz) [M (z)]n−2A (z) dz
1
n
F (b)n−2 f (b)−
∫ +∞
−∞
λg (λz) [M (z)]n−2
(
f (b) [1−G (λz)] + ∂M(z)
∂z
)
dz
❙✐♥❝❡ A (z) < 0 ❛♥❞ M (z) > 0✱ t❤❡ ♥✉♠❡r❛t♦r ✐s ♥❡❣❛t✐✈❡✳ ❲❡ ❝❛♥ s❤♦✇
✸✷
t❤❛t t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ t♦♦✳ ❚❤✐s ✐s ❜❡❝❛✉s❡✿∫ +∞
−∞
λg (λz) [M (z)]n−2
(
f (b) [1−G (λz)] +
∂M (z)
∂z
)
dz
>
∫ +∞
−∞
λg (λz) [M (z)]n−2 f (b) [1−G (λz)] dz
>
∫ +∞
−∞
λg (λz)F (b)n−2 f (b) [1−G (λz)] dz
=F (b)n−2 f (b)
∫ +∞
−∞
λg (λz) [1−G (λz)] dz
=F (b)n−2 f (b)
[
1−
∫ +∞
−∞
λg (λz)G (λz) dz
]
=
1
2
F (b)n−2 f (b)
≥
1
n
F (b)n−2 f (b)
■♥ t❤❡ ❛❜♦✈❡✱ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ∂M(z)
∂z
> 0✳ ❚❤❡
s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡M (z) = F (b)+
∫ 1
b
f (x)G (λ [b+ z − x]) dx >
F (b)✳ ❚❤❡ ✜rst ❡q✉❛❧✐t② ✉s❡s ❛ s✐♠♣❧❡ r❡❛rr❛♥❣❡♠❡♥t ♦❢ t❡r♠s✱ ✇❤✐❧❡ t❤❡
s❡❝♦♥❞ ✉s❡s t❤❡ ❢❛❝t t❤❛t
∫ +∞
−∞
λg (λz) dz =
∫ +∞
−∞
dGλ (z) = 1✳ ❚❤❡ t❤✐r❞
❡q✉❛❧✐t② ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t∫ +∞
−∞
λg (λz)G (λz) dz = [G (λz)]2
∣∣+∞
−∞
−
∫ +∞
−∞
λg (λz)G (λz) dz
❛♥❞ ❤❡♥❝❡
∫ +∞
−∞
λg (λz)G (λz) dz = 1
2
[G (λz)]2
∣∣+∞
−∞
= 1
2
✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st
✇❡❛❦ ✐♥❡q✉❛❧✐t② ✉s❡s t❤❡ ❢❛❝t t❤❛t n ≥ 2✳
❙✐♥❝❡ ❜♦t❤ t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❛r❡ ♥❡❣❛t✐✈❡✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t db
dλ
> 0✳
Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳ ❆ ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 −
F (b)✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ s♣❡♥❞✐♥❣ ♦♥ t❤❡ t❡st ✐s cn [1− F (b)]✱ ✇❤✐❝❤ ✐♥✲
❝r❡❛s❡s ❛s λ ❢❛❧❧s✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ❋✐rst✱ ♥♦t❡ t❤❛t ❢♦r ❛♥② t < T ✇❡ ❤❛✈❡ ❊ [x | x < bt] <
❊ [x | x < bT ] < bT ✳ ❍❡♥❝❡✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ t❤❛t ❛❝ts ❛❝❝♦r❞✐♥❣ t♦ t❤r❡s❤♦❧❞
✸✸
t < T ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ✇✐❧❧ ❤❛✈❡ ❛ ❧♦✇❡r ❡①♣❡❝t❛t✐♦♥
❛❜♦✉t ❤✐s t②♣❡ t❤❛♥ ❛❜♦✉t t❤❡ t②♣❡ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ T ✱ ❡✈❡♥
✐❢ t❤❡ ❧❛tt❡r ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞
t < T ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ ❤❡ ❝❛♥ ♥❡✈❡r ✇✐♥ t❤❡ ♣r✐③❡✳
❋✉rt❤❡r♠♦r❡✱ s✉♣♣♦s❡ ❛ ❝❛♥❞✐❞❛t❡ ❤❛s t②♣❡ x < ❊ [x | x < bT ]✳ ■❢ ❤❡ t❛❦❡s
t❤❡ t❡st✱ ❤❡ ❝❛♥♥♦t ✇✐♥ t❤❡ ♣r✐③❡✱ s✐♥❝❡ ❛♥② ❝❛♥❞✐❞❛t❡ t❤❛t ❛❝ts ❛❝❝♦r❞✐♥❣ t♦
t❤r❡s❤♦❧❞ T ✇✐❧❧ ❛❧✇❛②s ✇✐♥ ♦✈❡r ❤✐♠✳ ❍❡♥❝❡✱ ❢♦r ❛♥② ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡
❜❡❧♦✇ ❊ [x | x < bT ] ✐t ✐s ♥❡✈❡r ♦♣t✐♠❛❧ t♦ t❛❦❡ t❤❡ t❡st✳ ❚❤❡r❡❢♦r❡✱ ❛t t❤❡
❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ♠✉st ❤❛✈❡ b1 ≥ ❊ [x | x < bT ]✳
❚♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t✱ s✉♣♣♦s❡ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤
♠♦r❡ t❤❛♥ t❤r❡❡ t❤r❡s❤♦❧❞s✳ ❚❤❡♥ ✇❡ ♠✉st ❤❛✈❡ bT > bT−1 > bT−2 > bT−3 ≥
❊ [x | x < bT ]✳
■❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ bT−1 ❤❛s t②♣❡ bT−1 ❛♥❞ t❛❦❡s t❤❡ t❡st✱ ❤❡
✇✐♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✐✮ ♥♦ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ bT t❛❦❡s t❤❡ t❡st❀ ❛♥❞ ✭✐✐✮
❛❧❧ ♦t❤❡r ❝❛♥❞✐❞❛t❡s ❤❛✈❡ t②♣❡s ❜❡❧♦✇ bT−1✳ ■❢ ❤❡ ❞♦❡s ♥♦t t❛❦❡ t❤❡ t❡st✱ t❤❡♥✱
❜② ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣✱ ❤✐s ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s ③❡r♦✳ ❍❡♥❝❡✱ bT−1 ✐s ❞❡✜♥❡❞ ❜②
t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥
F (bT )
kT F (bT−1)
n−kT−1 − c = 0 ✭✶✶✮
❆t t❤❡ s❛♠❡ t✐♠❡✱ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ bT−2 t❛❦❡s t❤❡ t❡st✱ ❤❡
✇✐♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✭✐✮ ♥♦ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ bT ♦r bT−1 t❛❦❡s t❤❡ t❡st❀
❛♥❞ ✭✐✐✮ ❛❧❧ ♦t❤❡r ❝❛♥❞✐❞❛t❡s ❤❛✈❡ t②♣❡s ❜❡❧♦✇ bT−2✳ ❚❤❡♥ bT−2 ✐s ❞❡✜♥❡❞ ❜②
t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥
F (bT )
kT F (bT−1)
kT−1 F (bT−2)
n−kT−kT−1−1 − c = 0 ✭✶✷✮
P✉tt✐♥❣ ✭✶✶✮ ❛♥❞ ✭✶✷✮ t♦❣❡t❤❡r ②✐❡❧❞s
F (bT )
kT F (bT−1)
n−kT−1 = F (bT )
kT F (bT−1)
kT−1 F (bT−2)
n−kT−kT−1−1
⇐⇒ F (bT−1)
n−kT−kT−1−1 = F (bT−2)
n−kT−kT−1−1
❙✐♥❝❡ bT−1 > bT−2✱ t❤✐s ❝❛♥ ♦♥❧② ❤♦❧❞ ✐❢ n − kT − kT−1 = 1✳ ❍❡♥❝❡✱
kT−2 + kT−3 ≤ 1✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♠♦r❡
t❤❛♥ t❤r❡❡ t❤r❡s❤♦❧❞s ❝❛♥♥♦t ❡①✐st✳
❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✱ t❛❦❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ t❤r❡❡ t❤r❡s❤♦❧❞s
(b1, b2, b3)✳ ❙✉♣♣♦s❡ b1 = ❊ [x | x < bT ]✳ ❚❤❡♥ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞
b1 t❛❦❡s t❤❡ t❡st✱ t❤❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r ❤❛s t❤❡ s❛♠❡ ♣♦st❡r✐♦r ❜❡❧✐❡❢ ❛❜♦✉t ❤✐s
t②♣❡ ❛s s❤❡ ❤❛s ❛❜♦✉t t❤❡ t②♣❡ ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ b3 ✇❤♦ ❞♦❡s
✸✹
♥♦t t❛❦❡ t❤❡ t❡st✳ ❚❤❡♥ t❤❡ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ b1 ✇✐♥s t❤❡ ♣r✐③❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② 1
k3+1
✐❢ ❤❡ t❛❦❡s t❤❡ t❡st ❛♥❞ ♥♦ ♦t❤❡r ❝❛♥❞✐❞❛t❡ ❞♦❡s✳ ❖t❤❡r✇✐s❡✱
❤❡ r❡❝❡✐✈❡s ❛ ♣❛②♦✛ ♦❢ ③❡r♦✳ ❍❡♥❝❡✱ t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❝❛♥❞✐❞❛t❡
✇✐t❤ t❤r❡s❤♦❧❞ b1 ✐s
F (b1)
k1−1 F (b2)
k2 F (b3)
k3 1
k3 + 1
− c = 0 ✭✶✸✮
❆t t❤❡ s❛♠❡ t✐♠❡✱ ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ b2 ✇✐♥s t❤❡ ♣r✐③❡ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ❝❛♥❞✐❞❛t❡s ✇✐t❤ t❤r❡s❤♦❧❞ b3 ❞♦ ♥♦t t❛❦❡ t❤❡ t❡st ✇❤✐❧❡ ❛❧❧ ♦t❤❡r ❝❛♥❞✐❞❛t❡s
❤❛✈❡ t②♣❡s ❜❡❧♦✇ b2✳ ❚❤✉s✱ ❤✐s t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s
F (b2)
k1+k2−1 F (b3)
k3 − c = 0 ✭✶✹✮
P✉tt✐♥❣ ✭✶✸✮ ❛♥❞ ✭✶✹✮ t♦❣❡t❤❡r ②✐❡❧❞s
F (b1)
k1−1 F (b2)
k2 F (b3)
k3 1
k3 + 1
= F (b2)
k1+k2−1 F (b3)
k3
⇐⇒ F (b1)
k1−1 1
k3 + 1
= F (b2)
k1−1
✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✱ s✐♥❝❡ b1 < b2✱ k1 ≥ 1✱ ❛♥❞ k3 ≥ 1✳ ❍❡♥❝❡✱ ❛t ❛♥②
❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ t❤r❡❡ t❤r❡s❤♦❧❞s✱ ✇❡ ♠✉st ❤❛✈❡ b1 > ❊ [x | x < bT ]✳ ❚❤❡♥
❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t❤r❡s❤♦❧❞ b1 ✇✐♥s t❤❡ ♣r✐③❡ ✇✐t❤ ❝❡rt❛✐♥t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♥♦
♦t❤❡r ❝❛♥❞✐❞❛t❡ t❛❦❡s t❤❡ t❡st✳ ❚❤❡r❡❢♦r❡✱ ❤✐s ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s
F (b1)
k1−1 F (b2)
k2 F (b3)
k3 − c = 0 ✭✶✺✮
P✉tt✐♥❣ ✭✶✺✮ ❛♥❞ ✭✶✹✮ t♦❣❡t❤❡r ✐♠♣❧✐❡s
F (b1)
k1−1 F (b2)
k2 F (b3)
k3 = F (b2)
k1+k2−1 F (b3)
k3
⇐⇒ F (b1)
k1−1 = F (b2)
k1−1
❙✐♥❝❡ b1 < b2✱ t❤✐s ❝❛♥ ♦♥❧② ❤♦❧❞ ✐❢ k1 = 1✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✱ ❧❡t pi (x) ❜❡ t❤❡ ♣r♦❜❛❜✲
✐❧✐t② t❤❛t ❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x ✇✐♥s t❤❡ ♣r✐③❡ ❛❢t❡r t❛❦✐♥❣ t❤❡ t❡st✱ ❛♥❞ ❧❡t
pi (m) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ♣r✐③❡ ✇✐t❤♦✉t t❛❦✐♥❣ t❤❡ t❡st✳ ❚❤❡♥
❛ ❝❛♥❞✐❞❛t❡ ✇✐t❤ t②♣❡ x ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ t❛❦✐♥❣ ❛♥❞ ♥♦t t❛❦✐♥❣ t❤❡ t❡st
✇❤❡♥ pi (x) − c (x) = pi (m)✳ ❙✐♥❝❡ pi (·) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ c (·) ✐s str✐❝t❧②
❞❡❝r❡❛s✐♥❣✱ t❤✐s ❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛t ♠♦st ♦♥❡ t②♣❡✳ ■❢ s✉❝❤ ❛ t②♣❡ ❡①✐sts✱
❝❛❧❧ ✐t b✳ ❖t❤❡r✇✐s❡✱ ✐❢ pi (1) − c (1) < pi (m)✱ t❤❡♥ b = 1✳ ◆♦t❡ t❤❛t b = 0
❝❛♥♥♦t ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜❡❝❛✉s❡ pi (0)− c (0) = −c < 0 ≤ pi (m)✳
✸✺
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳ ❲❡ ❝❛♥ ✇r✐t❡ ✭✺✮ ❛s F (b)n−1 = n
n−1
c (b)✳ ❆♣✲
♣r♦①✐♠❛t✐♥❣ n ❜② ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ✐t
②✐❡❧❞s
F (b)n−1
[
lnF (b) +
n− 1
F (b)
f (b)
db
dn
]
= −
1
(n− 1)2
c (b) +
n
n− 1
c′ (b)
db
dn
❍❡♥❝❡✱
db
dn
=
− 1
(n−1)2
c (b)− F (b)n−1 lnF (b)
(n− 1)F (b)n−2 f (b)− n
n−1
c′ (b)
❚❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❛❜♦✈❡ ✐s ♣♦s✐t✐✈❡✱ s✐♥❝❡ c′ (b) < 0✳ ❍❡♥❝❡✱ db
dn
> 0
✇❤❡♥❡✈❡r F (b)n−1 lnF (b) < − 1
(n−1)2
c (b)✳ ❙✉❜st✐t✉t✐♥❣ F (b) ❢r♦♠ ✭✺✮✱ ✇❡
✜♥❞ t❤❛t db
dn
> 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ n
n−1
c (b) ln
([
c(b)n
n−1
] 1
n−1
)
< − 1
(n−1)2
c (b)✱ ✐✳❡✳
✇❤❡♥❡✈❡r ln
[
c(b)n
n−1
]
< − 1
n
✳ ❚❤✐s ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ c (b) < n−1
n
e−
1
n ✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳ ❙✐♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r v ❛♥❞ vˆ ❛r❡ ✉♥❝❤❛♥❣❡❞✱
✉s✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✱ ✇❡ ❝❛♥ ✇r✐t❡ vˆ −
v = −bˆF
(
bˆ
)n
−
∫ b
bˆ
F (x)n dx + F (b)n−1
∫ b
0
F (x) dx✳ ❲❡ ❤❛✈❡ lim
n→∞
F (b) =
lim
n→∞
[
c(b)n
n−1
] 1
n−1
= lim
n→∞
[c (b)]
1
n−1 = 1✱ ❛♥❞ lim
n→∞
F
(
bˆ
)
= lim
n→∞
c
(
bˆ
) 1
n−1
= 1✱
✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ✐♥ ❡❛❝❤ ❝❛s❡ ✉s❡s t❤❡ ❢❛❝t t❤❛t c (b) , c
(
bˆ
)
∈ [c, c] ⊆
(0, 1) ❛t ❛❧❧ ✈❛❧✉❡s ♦❢ n✳ ❍❡♥❝❡✱ lim
n→∞
b = lim
n→∞
bˆ = 1✱ ❛♥❞ lim
n→∞
∫ b
bˆ
F (x)n dx = 0✳
❆t t❤❡ s❛♠❡ t✐♠❡✱ lim
n→∞
F
(
bˆ
)n
= lim
n→∞
c
(
bˆ
) n
n−1
= c (1) = c✱ ❛♥❞ lim
n→∞
F (b)n−1 =
lim
n→∞
c(b)n
n−1
= c (1) = c✳ ❚❤✉s✱ lim
n→+∞
[vˆ − v] = −c+ c
∫ 1
0
F (x) dx < 0✳
✸✻
